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Abstract We introduce a notion of Gieseker stability for a filtered holomorphic vector 
bundle T over a projective manifold. We relate it to an analytic condition in terms of 
hermitian metrics on T coming from a construction of the Geometric Invariant Theory 
(G.I.T). We prove that if there is a r-Hermite-Einstein metric hjjE on J 7 , then there 
exists a sequence of such balanced metrics that converges and its limit is Hhe- As a 
corollary, we obtain an approximation theorem for quiver Vortex equations and other 
classical equations. 
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1 Introduction 



Intrinsic global methods have appeared in Kahler geometry with the fundamental work 
of E. Calabi and S-T. Yau in the study of Einstein type metrics. Recently, S.K. Don- 
aldson in [16J has made a crucial advance in view of an algebro-geometric interpretation 
of the existence of Kahler-Einstein metrics by studying a notion of stability introduced 
by H. Luo for the couples (M, where M is projective and L is a polarization over 
M. The main result of ^B] (also see [Bj for a survey) is the convergence of a sequence of 
'balanced' metrics, constructed algebraically via the embeddings in the projective spaces 
FH° (M, L k ) for k large, towards a constant scalar metric (when its existence is assumed 
a priori). 

In the case of bundles (with or without some extra decorated structures), such corre- 
spondences have been proved in most of the known cases, at least when M is compact. 
Therefore, one can ask if the method of [THHT3j can be applied to give an approximation 
of the equations that appear for these objects. In particular, this means that the gobal 
analysis used in Hitchin-Kobayashi-Donaldson-Uhlenbeck-Yau (we will say HKDUY in 
short) type correspondences contains some key technics for the construction of algebraic 
objects. By 'algebraic objects', we mean some canonical metrics coming from an under- 
lying G.I.T construction in a finite dimensional framework. A preliminary work has been 
done by C. Drouet fTZ\ for the case of Hermite-Einstein equations over a curve, and later 
X. Wang has given a complete solution of the problem in any dimension using 

Gieseker's results and Donaldson's breakthrough. 

In this paper, we are interested in a more general type of equation, so called Vortex 
equations, that appear in bosonic theories for non linear cr-models under the form of 
Bogomol'nyi-Prasad-Sommerfeld states. In the Kahler setting, and considering only a 
single bundle, these equations have been studied essentially by C.H. Taubes, S. Bradlow 
[HI, O. Garcia-Prada [T%|l2r]] and later D. Banfield j^j who proposed a generic frame. In 
[HI] (see also O. Garcia-Prada introduced a notion of coupled Vortex equations 

relative to a triple (i.e two holomorphic bundles and a bundle map between them). 
Later, this idea of considering Vortex equations for some data involving more than one 
bundle or sheaf has been developped in the work of L. Alvarez-Consul and O. Garcia- 
Prada [T |IH|I^] who also investigated the related notion of quivers. Nevertheless, a G.I.T 
construction for the objects studied by Banfield or Alvarez- Consul and Garcia-Prada is 
still to be achieved in full generality, even if some recent progress has been made in |2T| 
1.3 5j , From a general point of view, the study of Vortex equations and their moduli space 
of solutions has had some important consequences in algebraic geometry (for instance 
the Velinde formula and its generalizations) or in Gauge theory with the computation of 
Gromov-Witten invariants [HBj. 



Vortex type equations and canonical metrics 



3 



In our work, we will focus on the r-Hermite-Einstein equations introduced by Alvarez- 
Consul and Gartia-Prada for a holomorphic nitration & (or filtered holomorphic 
bundle) over a smooth projective manifold. In a first part, we introduce a weaker notion 
of stability for holomorphic nitrations and we relate it to certain Gieseker spaces using a 
G.I.T construction (Theorem We use a Kempf-Ness type argument to show that the 
stability condition can be written as an analytic condition involving the Bergman kernel 
associated to the filtration (Theorem |2|). Thus, a sequence of canonical metrics will be 
defined, called balanced metrics as foreseen in ^1] (Definitional)- Then we use an idea 
of Donaldson to find zeros of moment maps and we study the combined action of the 
Gauge group and the special unitary group SU(N). Finally, we will prove in the fourth 
part (Theorem^, 

Theorem. Let M be a smooth projective manifold. If & is an irreducible holomorphic 
filtration of a holomorphic vector bundle T over M equipped with a metric Hue solution 
of the r-Hermite-Einstein equation 

i 

then there exists a sequence of balanced metrics hj. on T which converges, up to conformal 
change, towards the metric Hhe in C°° topology. 

As a corollary, we give a procedure to get an approximation of solutions of quiver Vortex 
equations (Theorem EJ) using a dimensional reduction argument based on pKj. In par- 
ticular, these equations overlap with Hermite-Einstein equations, special Witten triples 
(non abelian monopoles) and critical Higgs equations over a curve (see Section 15.31 for 
details). 

2 Preliminaries 

2.1 Notions of stability 

The aim of this part is to introduce different notions of stability for a holomorphic fil- 
tration on a projective manifold. We will follow here the ideas of D. Gieseker and the 
Mumford theory in order to introduce a Gieseker space for which the G.I.T stable points 
correspond to stable holomorphic nitrations. 

Let M be a projective manifold of complex dimension n, and L an ample line bundle 
on M. 

Definition 1 A filtration of sheaves of length m is a finite sequence of coherent sub- 
sheaves 

& ■ = JF w T x ^ ... ^ T m = T 
and we shall say that & is a holomorphic filtration if the sheaves T% and J- are subbundles. 
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Definition 2 A subfiltration of the filtration & is a filtration of sheaves of length m 

& : J-[ ... J-' m = J- , 

where T' is a subsheaf of J- and such that T[ C T%V\^P for any 1 < i < m. A subfiltration 
is said to be proper if r(J-') < r(J-). 

Definition 3 A holomorphic filtration & is irreducible if it cannot be written as 

& = 

where the ^ # are holomorphic subfiltrations. 

Definition 4 We will say that the filtration is simple if any endomorphism f € 
End(!F) which preserves the filtration (i.e. fiJFj) C Fi) is a scalar multiple of Id. 

We recall the notion of (slope) stability for a nitration (we refer to [T||9] for details). 

Definition 5 Let & be a filtration of length m and r = (tl, r m _i) a (m— I) -tuple of 
real numbers. Define the r -degree of & as 

m—l 

deg T (^) = deg(^) + £ nr^), 
i=l 

and the T-slope of J? as 

deg T (^) 



We shall say that the filtration & is t -stable (resp. semi stable) if for all proper subfil- 
tration 3?' & , we have 

\i T {&') < (i T (&) (resp. <). 

A filtration is said to be polystable if it is a direct sum of T-stable filtrations with same 
slope fi T . 

Remark 1 If the nitration reduces to a bundle T (i.e. m = 1) we recover the case of 
Mumford stability for bundles with T{ = and in this case, we will denote by ^(J 7 ) the 
slope of T . Notice that the r-stability of a holomorphic filtration does not imply the 
Mumford stability of the subbundles. 

Lemma 1 Let & and J^" 2 be two filtrations of torsion free sheaves with same length, 
T-stable and of same slope. Let g : & x -> J^ 2 a non zero homomorphism such that for 
all i, giJ'l) C J-f. Then g is injective. In particular, if a holomorphic filtration is stable 
then it is simple. 
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Proof If g is non injective then T 3 = hn(g) is a (proper) torsion free quotient of T and 
we get J^" 3 subfiltration of J? 2 such that 



by Whitney product formula. Since & is stable and & C & , one has necessarily that 



Now it is also clear that for a holomorphic subfiltration C & such that r(JF) = r[F'), 
the following inequality always holds 



This comes from the fact that if T' ¥ F there exists an effective divisor D such that 
det(^) =i det(.T <g> O m {D)) and so = n{T') + > In the case of non 

holomorphic nitrations (i.e. given by torsion free sheaves), inequality £Q) remains true. 
Then we get a contradiction: g is injective. 

If J^ 1 and J^~ 2 are two holomorphic nitrations, then J^" 3 is a holomorphic subfiltration 
of , with same slope and r(T 3 ) = r(T 2 ). We notice that in the case of holomorphic 
nitrations, the only case of equality in £Q) is = ^ . Thus, g is an isomorphism. 
Therefore, if is a holomorphic stable filtration, any non zero endomorphism g of 
such that g{Ti) C Ti is an isomorphism and by Schur lemma, {g £ End{!F) : g{Ti) C Fi} 
is a divison algebra of finite dimension and isomorphic to C. □ 

Notation For a holomorphic filtration & of length m and a hermitian metric h on T 
correspond /i-orthogonal smooth projections on the subbundle Ti of T for all 1 < i < m, 
that we shall note 

^Ci : F -» ?i 

with the convention ir^ m = Idj^. 

The main result of £Q is the existence of a HKDUY correspondence for holomorphic 
nitrations in terms of metrics of r-Hermite-Einstein type. 

Theorem 2.11 Fix u a Kahler metric on the compact manifold M. Let r G 1 and 
J' be a holomorphic filtration of length m. A holomorphic filtration & is r-polystable 
if and only if there exists a smooth hermitian metric h solution of the equation 



r{F*) = r{T 2 ). 



) < Mt(^). 



(1) 



m— 1 




(2) 



i=l 



This can be also written as 



rn 




(3) 



i=l 



c 



Julien Keller 



where 

m—1 

j=i 

and ir l h {<^) = ir^ i — is the projection (with respect to h) on the orthogonal 

of the subbundle of T{ with the convention 7r^(J^") = 71"^. We shall say under 

these conditions that h is r-Hermite-Einstein. The nitration & will be said r-Hermite- 
Einstein. 

Remark 2 The assumption of non negativity of the real numbers Tj is crucial in the proof 
of ^ Theorem 2.1]. Henceforth, when we consider the stability of a filtration of length 
m, it is relatively to a (m — l)-tuple of non negative real numbers. If we take the trace 
of (JHJ, we notice that the parameters % satisfy the relation 

m 

£ TiriTijTi-x) = degfT), 

i=l 

which means that we only have m — 1 degrees of freedom as expected. 
We introduce now a notion of Gieseker stability for nitrations. 

Definition 6 Let R = (R±, ..,R m -i) be a collection of (m — 1) polynomials with rational 
coefficients of degrees d, < n and positive for k large. Define 

m—1 

i=i 

the R-Hilbert polynomial of the filtration & of length m. Then is said to be Gieseker 
H-stable (resp. semi-stable) if for k large, one has for all proper subfiltration 3F 1 of ', 

< -rJrV {resp - - } - 

We get immediately by applying Riemann-Roch formula, 

Proposition 1 // the filtration & is r-Mumford stable, then it is also H-Gieseker stable 
for 

R i (k)=T i k n - 1 + 0(k n - 2 ). 



2.2 G.I.T construction and extended Gieseker space for filtrations 

We present a G.I.T frame for the holomorphic filtrations on a projective manifold, in- 
spired from the work of |2"K|I26(I35| . We introduce a 'Gieseker space' which parametrizes 
the Gieseker stable holomorphic filtrations. Firstly, we notice that the considered Gieseker 
semi-stable objects live in bounded families, i.e. are parametrized by a scheme of finite 
type over C. 
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Proposition 2 The set of isomorphy classes of Gieseker semi-stable filtrations given by 
torsion free coherent sheaves with fixed R-Hilbert polynomial is bounded. 

Proof Let us consider a filtration & " . By considering the leading coefficients of ^ 2 R,^(fc) 
and using the Gieseker semi-stability condition, one reaches the conclusion that the slopes 
li{Ti) are all bounded. Now, we can apply the boundedness theorem of j^B Section 3]. 

□ 

Fix R a collection of (m — 1) polynomials as before and let J? be a holomorphic 
filtration of length m and note = r(J r j) with rn = 0, r = r(J 7 ) and p its R-Hilbert 
polynomial. By Kodaira's embedding theorem, there exists an integer ko such that for 
k> ko, the bundles Fi®L k are globally generated and the cohomology groups of higher 
dimension of Ti ® L k are trivial, i.e. 

H j (M,Fi® L k ) = 0, Vj>l. 

For such a k, consider a vector space V isomorphic to H°(M, T <S> L k ), and let (vi) 
be a basis of V. One can construct a quasi-projective quot scheme £2' parametrizing 
equivalence classes of quotients {q : V (g> L~ k — > where J is a filtration of torsion free 
coherent sheaves of length m with R-Hilbert polynomial equal to p and H°(q (g) id L k) is 
an isomorphism. This gives us universal quotients q~i : V <g> -K* M {L~ k ) — > over £2 x M 
where £2 is the union of components of £2' that contain R-semi-stable elements. The line 
bundles det(^i) induce morphisms vi : £2 — > Pic(M) and we denote 2lj the union of the 
finitely many components of Pic(M) hit by the morphism Vi. By previous proposition, 
this does not depend on the choice of k and we can assume that ko is large enough so that 
for all [C] E 2tj, C ® L^ r ~~ r ^ k is globally generated and without higher cohomology. Fix a 
Poincare line bundle C on Pic(M) x M and note its restriction to 2lj x M. Again by 
previous proposition, we can assume that <g> r K* M L^ r ~ r ^ k is globablly generated and 
without higher cohomology for k > ko- Introduce the extended Gieseker space 

m ~ 1 / v\ 

i=o ^ ' 

The morphism (7r !Q )»(A r - r *(fc ® id^) : A r ~ r *V ®O a ^ (7r Q )*(det(&) <g> 7r* M L( r - r ^ k ) 
gives rise to an injective and SX(y)-equivariant morphism 

Gies : £2 ^ (5. 

Moreover, the Gieseker space & maps SX(V)-invariantly to Yl i 2tj and the fibers are close 
SL(V) -invariant subschemes; i.e., over the point (L\, -.,C m ) £ Yli^i, sits the space 

©(A,..,£ m) = n p ( H ° m (^^H^c^L^-^y) . 

We now focus on determining the (semi-)stable points of this space. For the holomorphic 
filtration & of lentgh m, let 7Tj be the natural onto map from T to the quotient T ® 
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L k jTi % L k with the convention ttq = Id. To the filtration we associate by the 
following morphisms of evaluation, 

Ti : {v h A ... A v jr _ H ) ^ (p ^ Kiev p {v h ) A ... A Triev p (v jr _ r .f) , 

a point in the space 

TO— 1 

© fe = [J ^Hom ^A r ~ n V, H° (m, det(.F ® L k jTi ® L k )^ . 

i=0 

The action of SL(V) is given by 

g * (T , .... T m _i) = (T o AV\ -, r ro _i o A r - r — 1 <T 1 ) , 

and we can consider for a choice of parameters £j > the G.I.T stability of a point of 
©fc relatively to a SX(V)-linearization of the very ample bundle 0^(eq, ...,e m _i). 

Let A : Gt — > <SX(V) be a 1-parameter subgroup and Vi a basis of V such that acts 
on V by A with the weights 7$ G Z, i.e. for all i G Gj, 

A(t) • = t 7l t-i. 

Of course, it can be assumed that 7$ < and ^«7« = 0- For any multi-index / = 
...,i r - rj ) of length |/| = r — j-j with 1 < «i < ... < i r _ r3 < dim(F), let = 
Uij A ...Av ir _ r . and 7/ = 7^ + ... +ji r _ r . . The group SX(V) acts on /\ r_r 3 F with weight 
77 relatively to the basis vi. The classical Hilbert-Mumford criterion asserts that the 
point of is G.I.T-(semi-)stable relatively to the linearization that we have fixed and 
the action of SL(V) if and only if, for all 1-parameter subgroup, 

m— 1 

E ^ rr lr min ,{7/ : / 0} < (resp. <). 

j=0 {I:\I\=r-rj} 

Remark 3 With Riemann-Roch theorem, we compute the dimension of V, 
dim(V)= [ Ch{T ® L k )Todd(M) 

JM 

= r{F)k» I C ^ + k^j ( r Cl (M) + Cl (f)) C -} 

Jm n - Jm V2 / (n- 1) 



n-l 



Consider now the case of a subspace V C V and the action of the subgroup associated 
is given by 

' j-— codim(V') q \ 



A(t) 



^im(V) y 
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with 71 = .. = 7dim(v) = -codim(V') and 7dim(V)+i = •• = 7dim(v) = dim(V). Via the 
morphism V (8> Om —* F <8> L k obtained for k sufficiently large, we have a holomorphic 
filtration 

£ F(yi) C T(y) = J 7 , 
F(V'),i = Fi H F(V) 

and under these conditions, 

min { 7/ : Tjfvj) ± 0} = dim(F') {r{T) - r(^)) 

{|I|=r-r,-} 

-dim(V) (r-(^(y)) - r(^(v'),i)) • 

Thus, we have shown that if the point of defined by the filtration JF, is G.I.T 
(semi-)stable, then we have 

e (dim(V>(.F) - dim(V)r(.F (V /))) 

+ E™o^ (dim(y)r(^ (v0)i ) - dim(y')K^)) < 0, 

where we have set 

m— 1 

£ = £ i- 
i=0 

In fact, we also have the converse: 

Lemma 2 The point o/(5fc defined by the holomorphic filtration T is G.I. T (semi-)stable 
if and only if for any subspace V C V , 

e (dim(V')r(f) - dim(V>(.F (V i))) 

+ E™o^ {dim(V)r(F ( v>),i) ~ dim(V')r(^)) < 0, 
where ^(y 1 ) ^ the filtration generated by V' ® Om and T /Fry) * s torsion free. 

Proof Let u<iim(v)) be a basis of V. If one denotes .Tv^ = J r { Vl! ... !Vi ) , we have a 

filtration 

•^(0) C ... C ^dim(y) = F 

and we get Fu\ = ^Yi-i) or r{T^) > r(^Vj_i)). Consequently, there exist r integers 
between 1 and dim(V) that mark the jumps of ranks. We shall denote them (k±,..,k r ). 
If one considers the action associated to (fi,7i), we get by (23 Lemma 1.23], min/{7/ : 
Tq(vj) 7^ 0} = 7fc x + ... + 7fc r . From a similar way, there exist r — 77 integers between 
1 and dim(V r ) that mark the jumps of ranks for T (8> L k /T^j (g> We denote them 

(fcj, .., k J r _ r .). Therefore, we get 

min{7/ : Tj(v T ) / 0} = 7^ + ... + 7^.- 
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In order to apply the Hilbert-Mumford criterion, we shall consider the set of all the 
vectors with weight Of course, these vectors are generated by the following vectors 

7W = (i — dim(y), ... ,i - dim(F), i, . . . , i ) 

i dim(V)— i 

for i = 1, dim(V). All weighted vectors 7 = (71, •••,7dim(V)) can ^ e expressed as 
7 = Ylt^ c n^ where c, = d\m(y) are non ne g a tive rational coefficients. Let us apply 
the Hilbert-Mumford criterion to 7W; we get 

M W = /M min { 7J : Tj(vj) + 0} 

= - dim(V~) m.ax{kj < + i (j>2j(r - rj)e^j . 



If i grows, /xW goes down except for kj or one fcj. One has to evaluate //W a t the values 
kj — 1 or fcj — 1, This leads to 

^ = - dim(v)EMj l - 1) + EMr - n){k) - 1). 

Eventually, we can forget the choice of the basis Vi and we get that the point of &k is 
G.I.T stable (resp. semi-stable) if and only if 

edim(V')r(F) - dim(V')£ i eir(.Fi) < e dim(V)r{T {v/) ) 

(resp. <) for any subspace / V C V, with r (^vy)) < ^(-T 7 )- □ 

By (2f2 Lemma 1.26], the G.I.T stability (resp. semi-stability) can be written as a con- 
dition on the subsheaves of T instead of the subspaces of V, 

dim(V n H°(F' ® L k )) (er(F) - ^r^)) 

< dim(V) Ur{F') - Yui^ r favntf°(**®z*),i 



(resp. <) for any proper holomorphic filtration C & . Indeed, if T' C J 7 , choose 
V' = H°(F'®L k )nV. Then for the morphism q : V®O u -» F®L k , q{V'®0 M ) C .T 7 '®^ 
and r^') = r^vy)). For the converse, we consider V C V and set J 7 ' = g(V (8) Om)- 
Thus, we have H°(F' ® L fe ) and r(^ (v0 ) = r(F'). 

Now, it is clear that the Gieseker stability condition for the holomorphic filtration T 
implies the previous condition for a convenient choice of {e, e±, e m _i}, i.e. we have 
proved the 
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Theorem 1 Let R = (R\, ...,R m -i) be a collection of (m — 1) polynomials with rational 
coefficients of degree di < n and with positive leading coefficient. The holomorphic filtra- 
tion & of length m is H-stable (resp. semi-stable) if for k large, the associated point of 
&k is G. I. T stable (resp. semi-stable) respectively to the polarization (eq, £ m -i) 
and the action of SL{V) where we have fixed 

^Ri(k) 

e ° - 1 " 2. "as-. 

i=i 

£ ^ = -^r (i <*<"»-!)■ 

Remark 4 This G.IT construction extends the previous work of in which a G.IT 
construction is given for one step nitrations and a similar result is proved. 



3 G.I.T stability and balanced metrics 

In this part, we apply the Kempf-Ness criterion to the Gieseker spaces that we have just 
constructed for holomorphic nitrations. This means that the condition of G.IT stability 
can be transposed as the existence of a certain sequence of 'balanced' metrics defined on 
the finite dimension vector space H°(J : '®L k ) that are critical points of certain functionals 
of Kempf-Ness type. 

The balance condition for applications was conceptualized by S.K. Donaldson ^3] in the 
following way. Let's assume that we are given the following objects: a holomorphic map 
/ : S — > W where (S, uo) is compact Kahler and W is a vector space of finite dimension 
embedded by 7r w as a co-adjoint orbit in Lie(G)* where G is reductive linear. Then, the 
center of mass of / in Lie(G)* is given by 

Lie(G)' n * if* )) ' 

Under this setting, / is said to be balanced if the orbit of / under the action of Lie(G)* 
contains a center of mass null. This means that we demand that the moment map defined 
by integration on C°°(S, W) respectively to the action of G admits a zero in the complex 
orbit of /. 

In all the following, our polarization L will be equipped with a smooth hermitian 
metric such that the curvature c\ (L, hi) is a Kahler metric on M that we denote u, 
which means that 

u = -—dd\og{h L ) . 

ZTT 

Let dV = be the volume form relatively to u. 
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Notation We define Met(T) the space of smooth hermitian metrics for the vector space 
or the vector bundle T. Let F be a hermitian vector bundle on (M,u). We associate to 
a metric h G Met(F) the L 2 hilbertian metric on H°(M,F) 



HilbUh)= / (., ■)h—r G Met(H°(M, F)). 



We will also need the well-known fact: 

Definition 7 If V\ and V2 are two vector spaces of finite dimension N\,N2 equipped 
with metrics hi,fi2, and T : V\ — ► V% is a linear map, then the Hilbert- Schmidt norm 
\\T\\hx,h2 can be computed using any othonormal basis (v^)i=i,..,iVi of V\ by h = 

E^\T(v})\l 2 . 



3.1 Gieseker stable holomorphic filtrations and Kempf-Ness type functionals 

We fix a holomorphic filtration & of length m and for k large, we set N = h° (M, T % L fc ) 
and 7Tj the natural surjection onto T (g> L k jTi (8> L k with the convention that 7ro = Id. 
Let Z ss C &k be the open scheme of G.I.T semi-stable points with respect to the lin- 
earization Og k (eo, ..,e m -i) where the constants £j are fixed by Theorem ^ 

Fix a metric H on the vector space H ^ ® L k ). We have a quotient metric on the 
hermitian bundle T tg) L k induced by V -» T % L k and consequently a metric 1 1 . | on 
A r ~ Ti (F <g> L k ). By the isomorphism i : V^H°(M, J 7 (£> L k ), we get a metric h^ r on the 

* k,i 

space V ki = Hom(A r ~ T W, fl"°(det(.F <g> L k jTi (g> L k ))). We set 



Vfc 



Vfcn X ... X Vfc™.. 



k,m— 1 ; 



and get a natural metric |||.,.|||y- 

z G Ojg (— £o, — £ m -l)z be a lifting. We can evaluate the metric 
point, 



hp x ... x h £ ^ 1 . Let z be a point in Z ss and 

, .\\Wr at that 



M\l k 



cw n 



/ ll 71 "^ ° Si l (P) A ■■• A ° S V-r- (P)|| ^V(p) 



V 



l<il< 

■ <i r _ r . <iV 



/ 



where (sj)j=i .. at is an iJ-orthonormal basis of #° (M,F®L k ), C{i) > is a constant 
depending only on the isomorphism i. 

Remark 5 Our construction does not depend on the choice of the metric on the determi- 
nant bundles detfT ® L k jTi ®L k ). 
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Definition 8 We define the functional for g G SL(V), 



m—l 



j=0 



Yl '<H< 



Kj{g • Sii) A ... A 7Tj(g ■ s ir _ ) 



M 



22 !<»!<-. 



ir j s h A ... A TTjSi r _ r 



-dV. 



We can sum up our situation by the following lemma: 
Lemma 3 The following conditions are equivalent: 

- The holomorphic filtration & is H-Gieseker poly stable for a collection R = (Ri, R m -i) 
of rational polynomials of degree n — 1 with positive leading coefficient. 

- There exists an integer ko such that for all k > ko, the functionals i^jr : SL(V) — > E 
admit a positive minimum where it has been assumed that 



Ri(k) 



m— 1 



Ri{k) 



i=l 



for all i = 1, 



, m 



Remark 6 If the holomorphic filtration & is r-Mumford stable then there exists an inte- 
ger ko such that for all k > ko, the functionals i^j? admit a positive minimum and are 
proper, under the assumption of £o = 1 — Y^i^ T an d £ i = T- 

Note that we can also consider F& ; jr as a functional on the space Met(V) x SL(V), 
i.e. on a finite dimensional space. We are going to see that we can relate to the functional 
-Ffc j? another functional, this time on the infinite dimensional space Met(T) x SL(V). 
This motivates the following definition and theorem (see PU Section 3] for details). 

Definition 9 Consider a Kdhler manifold and a moment map associated to the 

action of a compact linear group F such that r c acts holomorphically. To the moment 
map [i corresponds a functional 

J M : E x T c -> R 

called the 'integral of the moment map [i ' and which satisfies the properties: 

- For all p G S, the critical points of the restriction of 1^ to {p} x T c coincide with 
the points in the orbit T c p for which the moment map vanishes; 

- The restriction I^p to the lines {e Xu :u£l) where A G Lie (r c ) is convex. 



Theorem 3.11 There exists a unique application 1^ 
two properties: 



a x r l 



which satisfies the 



1^ (p, e) = for all p G 5 ; 

iA % =0 = Wp),A) for all A G Lie (T) . 
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Now, for k sufficiently large, we have the embeddings of M into the Grassmanians of 
r — rj quotients defined by: 

. _ M ^ Gr(N,r - rj) 

%Kj 1 p ^ ker (ttj- o ev p : V -> T % L k jTj ® L%) V . 

Let Ujy r be the universal bundle on the Grassmannian of r-quotients of the Grassman- 

nian Gr(N,r). We denote II = nS) 1 Gr{N,r — rj) and na r ,i '■ II - ► Gr(N,r — rj) for 
i = 0, ...,m — 1 the natural projections. We lift the Fubini- Study metrics on each factor 
Gr(N,r — rj) with weight £j. This induces a symplectic metric on C°° (M, II), 

m— 1 „ 
i=0 JM 

where x , y G C°° (M, (ifc,o> •■•> *fc,m-i)Tn). The moment map associated to J2( ifc j for 
the action of the special unitary group SU(N) on C°° (M, II) is 

m_1 t7^, T , ^E^o 1 ^-^)^ 



^,k(ik,*) = / E -Q ; 'Q//l 1 — Id, 

JM j=0 iv 
/• m— 1 f rn—1 

= / (eo+ E ejOQo^od^- / E ^-((VQo-Q/Qj)^ 

7=1 ■/ M 7 = 1 



m i=i jm j=i 

where [Qj] represents a point of Gr(N,r — rj) i.e. Qj : !F®L k /Tj®Lft p — > V is an isometry 
respectively to h and H, and represents the matrix of the endomorphism irjoev p expressed 
in an orthonormal basis of ker (71^ o evp) 1 - and in an orthonormal basis of V. 
Set XJ T: n = ^Gr0^-N,r- Since T <8> £ fe — j/!U r) 7v where jfc : M II is induced by the 
maps ikj and 7Tj, we get a new smooth hermitian metric on T <8> L k associated to the 
metric H on H°(M, T <8> L k ). 

Definition 10 Let FS k = FS k {H) G Met(T <g> L k ) be the hermitian metric on T ® L k 
induced by 

where h is the quotient metric on T '<%> L k induced by H . 



Remark 7 This last expression is well defined since we get for k sufficiently large, < 

e.: i- 



Vortex type equations and canonical metrics 



15 



Definition 11 Define the functional on SL(V), 



m—l 
3=0 



£i<n<- 7Tj(g ■ s h ) A ... ATTj(g ■ Si ) 



log- 



-<i r - r . <N 



M 



TTjS^ A ... A TTjS ir 



-dV 



i<u<- 

...<i-_„ . <N 
J ~ 

where (sj)j=i v . i Ar is any H-orthonormal basis of H° (M, T ® . 
Lemma 4 KN^ is the integral of the moment map n& t k- 

Proof From (32], we know that a potential of the Fubini-Study metric at the point [Q] 
in the Grassmannian Gr(N,r) is 

logdet( t QQ) . 

In order to prove the lemma, we simply need to check that for any trace free matrix S, 



|u=0 



li* k (g) G SL(N). 



Let [Qo(p)] represent the point in the Grassmannian Gr(N,r) given by the embedding 
defined by (@J), at p G M. Therefore, we obtain up to a modification of the matrix Qo(p) 

(i.e by considering instead the unitary matrix Qo (*QoQo) )> 



log 



M 



'X)i<«k- lis ' s «i A ... A <? • Sj r 

...<i rj <w 

E^k ■ || s ii A ... A Sj || 2 

...<i r .<N 



dF=/ logdet rQo flsQo) 
Jm y ' 



with t Qo(p)Qo(p) = Id rxr . 

From a similar way, let [Qj] be the point of Gr(N,r — rj) induced by 7Tj o ety Thus, 



KiV fc ^ ( 5 ) = V e 7 / log V 

2 i ^ det (tQjQj) 



-dV . 



Therefore, we get that for any trace free matrix S and g G SU(N), 



du 

and therefore 



(i^r(e S "))=£ 



=o 2 



/ t/-\ t Su $n r\ 

tr Q, e e Q, 



Q je ,s " fS + t S) e s "Q,- ) IdV 



u=0 



£ £j / trCQiSQj), 



M 



£e, / trCQ^SQ.O-Ee 



r — r j 



tr(S) 



M 



= (MJf.fe (Qo, — ; Qm-l) , S) 
Finally, KN^ jr(Id) = 0, which allows us to conclude. 



□ 
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3.2 Balanced metrics for holomorphic filtrations 



We are going to see that the two functionals KN^^gt and F^ge are simultaneously proper. 
At this point, we will need the following classical result of potential theory, 

Theorem 3.21 Set Ka(M,d) = {<£>€ C°°(M,M) : J + iddip > 0}. There exist some 
constants aM,C(M,w,w') > such that for all (p G Ka(M,uj'), one has 

e -a M (</>-sup M tp) < q 

I M n\ ~ ' 

Lemma 5 There exist some constants (7i)j=i..3 such that for all g E SL (N) 

K^{g) - 7i > — KN^Ag) > K^(g) - 72- 

73 

Proof Let be a basis of H ^ (g) L k ), at the point p, 

Kj{g ■ s h (p)) A ... A TTj(g ■ s ir _ (p)) 



<^(p)=log £ 

l<H<...<i r - r <iV 



Then ^ belongs to the Kahler cone Ka(M,ci(det(J c " <g) L fc /JT,- ® L fc ))), and Theorem 
13. 211 asserts that there exist two real constants au > and C > 1 such that 



-OAf (ipj -sup M < (7 



which implies that 



log 



-a M {<Pj-swp M fj)^_ \ < Ql 



M 



Now by concavity of log, 

ifjdV > / I sup (fj I dV 



M 



M \ M 



0(M,k,u)Y 



> Flog sup Kj(9 s h (p)) A ... A 7Tj(gs ir _ (p)) 



v pGM i 1 <...<i r _ r . 



0(M,k,U))' 

Indeed, by concavity of log, we have also 



log 



E 



M l<ii<...<v_ r ,.<A r 



Tj(9 ' s h) A ... ATVj(g ■ s ir _ r ,) dV > I (fjdV. 

M 



Now, summing previous inequalities for all j, we obtain the lemma with 7, depending 
on the data {k, L, dV}. □ 
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Definition 12 (Balanced metrics for holomorphic nitrations) 

- Let p = (i/fc,o, ■■■,ik,m-i) £ n be the point induced by the metric H G Met{H°{M,J : (g) 
L k )). If /i^,A;(p) = then the holomorphic filtration ^ and H are said to be k-balanced. 

- If H G ilet{H Q (M,J : ® L k )) is k-balanced, the metric h G Met(F ® L k ) given by 
h = FSk(H) is said to be k-balanced. 

We will say that the filtration is balanced if there exists an integer ko such that for all 
k > ko, & is k-balanced. 

Since the sections si G H°(M, T % L k ) are also coordinate sections of the universal 
bundle, we see that the metric H 6 M et(H° \M , T ' ® L k )) is balanced if and only if it is a 
fixed point of the map Hilb^ o FS^. From a similar way, h G Met{T (g> L k ) is fc-balanced 
if and only if it is a fixed point of the map FS^ o Hilb^. 

The balanced condition for a holomorphic filtration & can be translated in terms 
of the Bergman kernel of the bundle T . We shall now make explicit what we mean by 
'Bergman kernel' in the following definition. 

Definition 13 The Bergman kernel of a globally generated bundle (F, hp) is an endo- 
morphism of the bundle associated to the I? orthonormal projection from the space of 
sections I? (M, F) onto the space of holomorphic sections H° (M, F), 

h°(M,F) 

Bp,h F = £ Si{., 8i ) hF eC°°(M,End(F)) (6) 
i=i 

where Si is any basis ofH®(M,F), orthonormal for Hilb^^F) ■ 

The following result will allow us to consider the balanced condition on the space 
of infinite dimension Met{!F) as the vanishing of a certain moment map related to the 
action of the Gauge group of the bundle T . We will denote & (g> L k the associated 
holomorphic filtration obtained by tensorizing each subbundle of the filtration & by L k . 

Lemma 6 The holomorphic filtration & of length m is balanced if and only if there 
exists an integer ko > such that for all k > ko, there exists a hermitian balanced metric 
hk G Met{T <8> L k ) such that we have 



R V" - - " L ' N + ek ^7=1 £ i r i T j (7 \ 

^T®L",h k + e k £ 3 7T j,h k ~ ~y ld T®L" (I) 



where — x(F® L ) 



Vr-VZfJitjrj 



Proof Assume that H is a balanced metric on H°(M, F L k ) and Si is an orthonormal 
basis of the space H°(M,J 7 ®L k ) for H. Let h be the quotient metric on J r ®L k induced 
by V -» T ® L k and FSk(H) the metric on T % L k constructed as before. Remember 
at that point that the Bergman kernel is independent of the choice of an orthonormal 
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basis. We choose now a if-orthonormal basis of sections of H ^ <S> L k ) by the following 
procedure: let si,...,s ri be orthogonal to the kernel of (nf® 1 ° ev p ) with ff-norm 1, 
and s ri+ i, ...,s r2 G ker(ir'f^ L o ev p ) be orthogonal to the kernel of (vr^® L o ev p ), and 
so on until the sections s rm _ 1+ i, s r G ker(7r^® ] L fe o ev p ) are orthogonal to the kernel of 

( 7T m% L ev p)- Eventually, we can do the assumption that Si(p) = for i > r. Introduce 
the sets = {rj-i + 1, rj} and the map / : i i— ► j where j is such that i G Hence, 
by @, we compute 

Note that the term s ] % G End{T <S> L k ) is simply the orthogonal projection onto 

\ s i\FS k 



the image of Sj respectively to the metric FS^ (and also h). At p £ M, 

N N , v 

X) s « (•' S i) FS h = 1Lj s i (•) + S ( s « (-i s i)FS k ~ S i (•' ) ' 

i=l i=l j v ' 



Here we have used the fact that for the quotient metric, the Bergman kernel is constant, 
since it can be considered as the identity isomorphism of the universal vector bundle 
over the Grassmannian. Clearly, this implies the existence of a metric = FS^ on the 
bundle T <g> L k satisfying 0. 

Conversely, if Q is satisfied, as the Sj are coordinate sections of the universal bundle, 
we obtain that they are also i?i/6 w (FSfc)-orthonormal, i.e. they are orthonormal for 

f L T ^ — (^-£.^<rV) dv, 

and therefore Hilb UJ (FSk) is a metric on H°(M, F ® L k ) which is a zero of the moment 
map jUj^fc. □ 

Theorem 2 Let & be a holomorphic filtration of length m over a projective manifold. 
Then is H-Gieseker stable if and only if Aut(^) = C and for k large, there exists a 
metric G Met{T (g) L k ) such that 

m—l at i r-vm~l 

R 4. e ST P ^® Lk - k ^ =1 A j Td 
°F®L*,h k + £ fc 2^ £ 3 7r j,h k - rV 1Ci F®Lk 

3=1 
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where 

Proof One already knows by Theorem 13.111 that the zeros of the moment map /Uj^fc are 

the critical points of KN^^. To apply Kempf-Ness stability criterion [2H|, we simply need 

to remark that the functional KNk y ? and F^^ are simultaneously proper by Lemma 
El We are done with Lemma El □ 

4 T-Hermite-Einstein metrics and holomorphic nitrations 

We now consider the Hermite-Einstein equation for a holomorphic filtration J^" of length 

m, 

m— 1 

V^lAF h + ]T 7*7^ = ti T (J?)Id (9) 
i=l 

on a smooth projective manifold M of complex dimension n. The goal of this part is to 
give an approximation of the metric solution of equation (jHl using the balanced metrics 
that we have just defined. We will need the following expansion proved in [T^I.S9| I41| of 
the Bergman kernel of T ® L k when k — > oo, 

Theorem 4.02 Let (M, u) be a Kahler manifold and (L,hi) an ample line bundle on 
M such that u represents the curvature of L. Let (J 7 , h?) be a holomorphic hermitian 
vector bundle. For any integer a > 0, we have the following asymptotic expansion when 
k — > +oo of the Bergman kernel Bh T ®h k 



• n— 1 



Bhj?m Lk ~ k n Id rxr - (^Scal(g)Id rxr + \f^lAF hj }j k 
where Seal (g) denotes the scalar curvature of the metric g associated to the Kahler form 



<C a k n ~ 2 (10) 



UJ = \Hsi- j dz i Adz j . 

This estimate is uniform on M when /ijr and belong to a compact for the C a topology. 
Moreover, we denote in all the following for any integer k, 
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4-1 Action of the Gauge group 

Let A(T) be the space of C°° connections on the vector bundle T . By the Newlander- 
Nirenberg's theorem, it is equivalent to considering a holomorphic structure on the C r 
vector bundle T or an operator d 

with d(f.s) = df.s + f.ds and d = 0. We will denote A(F,hr) the space of smooth 
connections which are compatible with the hermitian metric hjr (i.e. unitary). Any con- 
nection on the holomorphic vector bundle T which is integrable, i.e. belongs to the 
subset 

A^\T, h r ) = {A e A(f, h r ) : Ff = F 2 / = 0} 

where Fa G 17 2 (M, End^)) denotes the curvature of the connection, defines a holomor- 
phic structure on T . It is well known that a holomorphic vector bundle equipped with a 
hermitian metric admits a unique connection which is compatible with the holomorphic 
structure (i.e. integrable) and the hermitian structure hp, called Chern connection (see 
[HTT] for the details). This means that there exists an isomorphism (see @J Section 8]) 

A 1 ' 1 (J 7 , h T )^C{T\ 

where we have set 

C(T) = {V - 1 : Q Q {T) -► f2°>\F) s.t. (V ' 1 ) 2 = 0, 

V°'\f.s) = V ' 1 f.s + f.V°' 1 s}. 

A 1,1 (J 7 , hp) is a subvariety (possibly with singularities) of infinite dimension of the sym- 
plectic space A{F) which can be equipped of the symplectic structure (cf. |H p. 587] or 

Q(A,B) = / Tr(A A B)- - 

for any A, B £ Q 1 {End{J : )). One denotes by Q the Gauge group of F, i.e. the group of 
unitary automorphisms of T: 

g = {U G C°°(GL(F)) : U*U = I}. 

The complexified Gauge group, i.e. the space of smooth sections of automorphisms Q = 
C°°(GL(F)) acts (on the right) on A 1 ' 1 ^, h r ) by 

dg(A) = d A ° 9, (11) 

dg(A) = t 9 d A ° ( *<?) 1 , 

where A G A 1 ' 1 (J 7 , g G Q and 8a is the (1, 0) part of the covariant derivate induced 
naturally from A. In particular, the action of Q c is holomorphic on C(J-) which admits 
a complex structure. Therefore A 1,1 (J 7 , hp) inherits a complex structure for which 17 is 
a Kahler metric. 
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4-2 Limit of a sequence of balanced metrics 

We may naturally ask what can be the limit of a sequence of balanced metrics. In this 
section, we show that if this limit does exist, it is necessarily a conformally r-Hermite- 
Einstein metric. 

Definition 14 Let (S,oj) be a complex manifold and let ^ be a holomorphic filtration 
of length m over S, A hermitian metric h on J- is said to be conformally T-Hermite- 
Einstein if the curvature F% of the Chern connection associated to h S Met(J-) satisfies 
the equation 

m—1 

V^lA u F h + £ t;7t^ = X h Id T , (12) 
i=i 

where Xh is a real valued function. 

Proposition 3 Assume that is a compact Kahler manifold. If h is conformally 

r-Hermite-Einstein then there exists f £ C°°(M, M) unique up to a constant, such that 
the new metric e* ■ h is T-Hermite- Einstein with parameter X = y f M XhdV in equation 

Proof Indeed, with this conformal change, we get 

\[-\AuF e f, h = ^IA^Fh + V^lA„dd(f)Id 

and 

n ef-h,i - n h,i- 

Now, it can be found a function / £ C°°(M, M) by classical theory of elliptic operators 
over a compact manifold M (see [HOI Corollary 7.2.9]) such that 

V^iAuddtf) = x h - 1 / x h dv. 

□ 

Notation To a sequence of balanced metrics hk € Met{T <g> L k ) for a holomorphic 
filtration J^, we shall associate the sequence of normalized metrics = hk <8> h^ £ 
Met[T) that will still be qualified as balanced metrics. 

We use use the asymptotic expansion provided by Theorem 14.021 and the previous 
proposition to get 

Theorem 3 Let & be a balanced holomorphic filtration of length m over M . If the se- 
quence of balanced metrics £ Met(J-) admits a limit in C 2 topology when k — ► oo, 
then the metric hoc is conformally T-Hermite-Einstein satisfying 

^AF hao + E n*f ti = (fW m + \ {j u d (M) ui n ~ l - Scal(g)) ) Id?, (13) 
and up to a conformal change, this metric is T-Hermite-Einstein. 



22 



Julien Keller 



4-3 Stable holomorphic filtrations and natural moment maps 

We adapt the method of ^H] to make apparent the balanced condition as the vanishing 
of two moment maps, one induced by the unitary group and the other one by the Gauge 
group of the vector bundle T . We know that the space C°°(M,J r ) of smooth sections of 
J 7 has a natural symplectic form J?[ ] associated to the hermitian metric hjr on T: 

%](si,s 2 ) = 21m (^J (s 1 ,s 2 )h r dV^j . 
It is not difficult to check that 

Mc~(M^)(s) = V^ls(., S ) hr — G f2 2n (M, End{T)) ~ Lie(g c )* 

is a moment map associated to the action of the group Q on C°°(M,^*). 

For a holomorphic filtration we can consider a family 0j : T% — > J 7 of smooth 
sections of the bundle in Grasmanians that we denote Gr(ri, F) and whose fibers in p £ 
M are the rj planes of .T^. Such a section ^ gives naturally a projection /i^-orthogonal 
onto the orthogonal of its kernel with respect to hp, i.e. the projection 7r^_ t . Moreover, 

the metric hjr on the fiber T\ v induces a Kahler form on Gr(r{, T\ p ). We obtain a 
symplectic form using the evaluation map evi : C°°(M,Gr(ri,J r )) x M — > Gr(ri,r) and 
the projection on the first component p\ : C°°(M, Gr(fi,F)) x M — ► C°°(M, Gr(r i7 J 7 )), 

n {i) = (pi)*{evt^;)/\dv). 

The action of the Gauge group on C°°(M,Gr(ri,J r )) respectively to is then given 
by 

We know that there exists for A; large enough an embedding of M into the Grass- 
mannian Gr(N,r) using the holomorphic sections of T ® L k . Nevertheless the action of 
y on C°°(M, T®L k ) does not preserve the set of holomorphic sections for a connection 
A G w4 1 ' 1 (^ r (8) hjr <g> defined a priori. Note that in general, the dimension of the 
space of holomorphic sections of of T % L k depends on the choice of the connection A. 
In order to consider global holomorphic sections and their variations with respect to 
the Gauge group, we are constrained to modify simultaneously the considered con- 
nection. But for any connection A and for k large enough, there exists an open set 
of the complex orbit of A in Q such that for any connection belonging to this set, 
dim(iP(M, F®L k )) = (by semi-continuity [S3 Section 9.3]) and dim(F°(M, T®L k )) 
is constant. Finally for such a k, we need to introduce the following manifold of infinite 
dimension, 
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Definition 15 Let & be a holomorphic filtration of length m, and Qq the subset of 

m—l 

C°°(M,F®L k ) N x A l > l {F,h T ) x Yl C°°(M,Gr{ ri ,F)) 

i=i 

formed by (N + m)-tuples of the form 

jsi, ...,sjv, A, 0i, m -i j 
such that the sections (sj) i=1 N are linearly independent, and 

d A s l = Vi = l,..,n (14) 
d [A ]0 3 =0 Vj = l,..,m-1, (15) 

where &a represents the (0, 1) part of the covariant derivative induced naturally using 
the unitary connection A and the Chern connection on L over the space C 00 (M,J r ®L k ) 
and drju represents the (0, 1) part of the covariant derivative induced naturally using A 
onC°°(M,Gr(ri,F)). 

Under these conditions, the diagonal action of Q preserves Qq. Also notice that the 
unitary group U{N) acts naturally on Qq by 

( N N "| 

(Uij) * {Si, ...,S N ,A,9i,...,6 m -i} = < Yl u lj s j> -) Yl UNjSj,A,0i, :.,0 m -l > , 

[j=l 3=1 j 

and if we denote h = hjr <gi h L k then the moment map for this action is, 



^U(N){si,-,s N ,A,9x,...,9 m -\) = / (si,Sj) h dV. 



M 



Let vr : Q -» C°°(M, T <g) L k ) N x n™"! 1 C°°(M, Gr{r h T)) be the natural projection. 
Actually, ttq is an immersion. Indeed, one has by ifll^l that = 8a (ssi) + e8a (s«) = 
e3a (sj) (and similary edA{0i) = 0) for a small variation of {s%, .., stv, @i, • •> #m-l) • 
Since is an embedding, we get that e<9yi = and hence dir^ is injective, which gives 
the immersion property. 

We consider the symplectic standard form Or^i on C°°(M,J : ^iL k ). We take the sum 
of flw\ over N copies of the spaces C 00 (M,J r ^i L k ) and consider the symplectic form 
Qu\ on each C°°(M,Gr(ri,J r )) with weight e^i- We get a symplectic form that we can 
lift using the injective immersion ttq. We denote J?g the symplectic form obtained on 
Qq. The action of Q over Qq admits a moment map associated to Oq , 



Hg(si, ...,SN,A,6t, ...,6 m -i) = {.,Si) h + e k ^ £jvr 



N m-l 

h,i 

t=l 
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Indeed, Qo admits a Kahler structure by [231 Theorem 3] and with the fact A 1,1 (J 7 , hp) 
admits a complex structure. Moreover, the actions of Q and U(N) commute and these 
two groups have center of dimension 1, given respectively by the constant functions and 
the multiples of identity This allows us to restrict to the action SU (N) by considering 
another natural moment map with values in the Lie algebra V - lsu(iV), 

Vsu(N){si, ..,s N ,A,6 1 , ..,6 m -i) = I {si,Sj) h dV - — [Y, [ \si\ldV) 5ij. 

Jm iV V i Jm J 



4-4 Complex orbits and double symplectic quotient 

The moment map for the action of the product Q x SU (N) on Qo will be given by the 
direct sum fig © fisu{N)- For a real number A, we will consider the symplectic quotient 

Qo// (G x SU (AO) = gxSU{N) • 

This must be understood as the symplectic quotient of Qo by Q in a first step, via 

Qo//G = Hg 1 (A/d) IQ 

which admits as we have seen, a natural symplectic structure. Secondly, we do the sym- 
plectic quotient of Qo/ /G by SU (N), since SU (N) acts naturally on Qo/ /Q. Every 
£? c -orbit in Qo contains a point in fig 1 (Xld), (resp. A t 5^(jv)(^)) un ici ue U P to the action 
of Q (resp. SU (N)). Our situation is summed up by the following proposition. 

Proposition 4 There exists a metric k-balanced for & if and only if the complex orbit 
in Qo given by the action of x SL (N), contains a point in fig 1 (Xld) Pi f^su(N)^ $ or 
all A > 0. This is equivalent to saying that the complex orbit is represented by a point in 
the double symplectic quotient Qo// (Q X SU (N)). 

Proof A point zq = {s\, ...,sn,A,9i, ...,6* m _i} S Qo belongs to fig 1 (Xld) if and only if 
Yi s i(-i s i)h + £fc Yli £ i 7T 'h,i = and z belongs to f^su(N)^) ^ an( ^ onl y ^ there exits 
a constant c such that the sections Sj form a L 2 -orthonormal basis. Therefore we get 
^ = 77 \ ® €k Si £ i r i ) taking the trace and hence we obtain the balance 



condition of Lemma El 

Consider the action • of SU(N) on the symplectic quotient 

z = Q //g. 

Since Qo is Kahler, Z admits a Kahler structure (in fact it is an orbifold if the stabilizers 
group is finite everywhere) since the extension of the action of Q to Q c preserves the 
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complex structure. For all point z € Z, the infinitesimal action of su(iV), provides us 
with an application 

v?> su W-. SU (N)^TZ z . 
Let us consider the following operator on su(iV), 

q SU(N) = ( Z,SU(N)\\Z,SU(N) } 



where (uf' SU ^ N ^ is the adjoint of vf' SU ^ formed using the invariant metric on su(iV) 
and the metric on TZ Z . Assume that the stabilizers of a point in Z under the action of 
SU(N) are discrete; then vf' SU ^ N ' is injective and qf is invertible. 

Notation Let Q be a hermitian matrix. The Hilbert-Schmidt norm and the operator 
norm for Q are given by 



2 



IQII 2 = £|Q 

hi 

\Qv 



|||Q||| = sup 

IMI<i \ v \ 

Notation Let A z (resp. A z ) be the Hilbert-Schmidt norm (resp. operator norm) of 
SU(N)\ _ 5 \x(N) —>■ su(N) with respect to the invariant euclidian metric on su(iV). 



In particular, the inequality A z < A is induced from the fact that for all A £ \J — lsu(N) 



one has |A| 2 < A 



Z,SU(N), 



-1A) 



2 



TZ 



We will need the following key result inspired directly from the formalism for moment 
maps from 



Proposition 5 Let zq £ Z and A, 5 > be two real numbers such that 

l- M\hsu(n){zo)\\ < 

2. A z < A pour tout z = e lS ■ zq and ||S|| < 5. 

■cf 

Then, there exists a zero z\ = e ■ zq of [isu(N)> 

with \\S'\\ < A||/i(zo)||. Here \\.\\ is the norm induced by the standard SU (N)- invariant 
inner product on su(iV) . 

Proof See ^3 Proposition 17]. Indeed, let zn be a point in Z and denote (z t )t>o the trajec- 
tory of zq along the flow — Grad{\\^ su ^ N ^{z)\\ 2 ) and set Z mtn = {zq £ Z : lim^ +00 zt £ 
/i _1 (0)}. Then it is well-known (see [23 Theorem 7.4]) that the complex orbits of the 
zeros of Hsu(N) can be identified with the set Z mm . Finally, this proposition is an effec- 
tive version of this result. □ 
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The aim of the next three sections is the approximation TheoremElof a metric solution 
of the T-Hermite-Einstein equation using the tools defined in sections OJ EHl El 
We are now ready to give the main ideas to prove this result. 

An irreducible r-Hermite- Einstein holomorphic filtration is in particular Gieseker It- 
stable when one has fixed Ri = Tik n ~ l . Now, we are seeking to construct for such a 
filtration a sequence of balanced metrics which converge towards the (conformally) r- 
Hermite-Einstein metric that satisfies equation lfT3|l . To a A:-balanced filtration J^~, we 
know that there corresponds a point in a certain space of parameters, inside a complex 
orbit (under the action of Q c x SL(N)) and this point is a zero of the moment map 
fJ-g © fJ-su(N) as previously defined. Finally this leads us to look for this point. 

- From one side, via Propositions El and we get a point in the symplectic quotient by 
£?, i.e. a zero of fig: the existence a priori of a conformally T-Hermite-Einstein metric 
will permit us to construct an 'almost' balanced metric hk, q that will provide us with 
a point in Z. To such a point will correspond a metric denoted h q . 

— From another side, we will switch in a finite dimensional problem by looking for a 
zero (unique up to action of SU(N)) of the moment map /J-su(N) m a SL(N)-oibit. 
Thus, we will study the gradient flow of ||^s(/(at)|| 2 on Z and give an estimate of A z 
in order to apply Proposition 03 

Therefore, we finally obtain a fc-balanced metric and also by construction, the conver- 
gence of this sequence of metrics (when k — > oo) towards the conformally T-Hermite- 
Einstein metric solution of lfT3)) . 

4-5 Construction of almost balanced metrics 

From now on and until the end of this section, we will consider that there exists a 
conformally T-Hermite-Einstein metric for the irreducible filtration T . By singular 
perturbation of the conformally T-Hermite-Einstein metric, we can get a metric almost 
balanced, as will be made explicit in the following proposition. 

Proposition 6 Let ^ be an irreducible holomorphic filtration over M of length m such 
there exists a conformally T-Hermite-Einstein metric on T satisfying equation 
Then, there exists a family of smooth hermitian endomorphisms (rj^^^ E C°°(End(J-)) 
such that the metrics defined on T for all q > 1 by 

are hermitian and smooth for k large enough and there exists a constant C q ^ a such that 
B f®Lk,h ktq + £k Z^ £i7r h Kq ,i ~ ^7 ld + a q (k), (16) 

i=l 
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where \\cr q (k)\\ C a+2 < C q ^ a k n q 1 . The metrics hk, g will be called 'almost balanced'. Here 
Cg : a is a constant that depends only on q,a,hoo andui. 

Proof First of all, we know that under these assumptions, & is simple by Lemma ^ 
The Theorem 14.021 asserts that we have an asymptotic expansion in the variable k of the 
Bergman kernel 

B^/^v = ™ + a i(M^ _1 + - + a,(/»oo)fc n -' + Oi^-i- 1 ), 

and the are polynomial expressions of the curvature tensors of hoa and hi and their 
covariant derivatives. The approximation term is uniformly bounded in C a norm when 
/loo <8> h\ belongs to a bounded family in C a norm (where a' depends on a). We notice 
that we have also ai(/ioo) = \f^lA UJ F} loo . 

Consequently, a^ (h^ (1 + rj)) = ai(/i OQ ) + Ef=l a i,l(v) + 0([MlcJ ) with s sufficiently 
large depending on a and q. For all (fJi)i^n e C°° (End{!F)) , we can write 



l 

where the bj ; are multilinear expressions in rjj and their covariant derivatives, beginning 
by 

b;,i = 3i,i (v) ■ 
If we now set aj = a^/ioo), then we get 

B W h fc9 = X> n ~% + £ byA^-' + oCfc"-*- 1 ), 

p=0 i,/=l 

= k n + aiP" 1 + (a 2 + bi,i) k n - 2 

+k n ~ 3 (a 3 + bi >2 + b 2 ,i) + ... + 0(^-"- 1 ), (17) 

and we choose inductively the r^- in such a way that the coefficients that appear with 
j~n-j < ^ are constants, which means that the RHS of |JT7|) is exactly (up to order 

— ^-^z^'V,.* • 

i 

We set the asymptotic expansions (in the variable k), 

X ^® Lk) + ek ^ £ ^-Id = c k» + Cl k^ + ... 



rV 



e k }- = d l k n - 1 + d 2 k n ~ 2 + ... 
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By Lemma El we get also the expansion 

3 j K 

= ei + fc _1 e 2 + ... 

where we have done the substitution V ■ EjTif® L '- = % V . t^tx7® l - . In particular, we 
have d\ = 1 by our choice of e& . 

From another point of view, we know that if Fh denotes the curvature of the H, then 
i*Wi+ e ) = Fh + <9cte + O (||e|| 2 ) , and therefore 

bi,i = V^ia (dd Vl ) . 

Moreover, when k is sufficiently large 

In order to get rj 1 , we aim to solve 

b^i + d\&2 = c 2 - a 2 - d 2 ei. 

But the operator Q : u ^ \J—lAddu + d\II h ' T {u) is elliptic of order 2. We can apply 
Lemma El noticing that f M tr(c2— a 2 — d 2 ei) = and the endomorphism (c 2 — a 2 — d 2 e l) 
preserves the filtration. Then, we get a solution rj 1 which is self-adjoint since the term 
c 2 — a 2 — d 2 ei is also self-adjoint. Now, if we are looking for an almost balanced metric 
up to order 3, it is sufficient to solve 

b 2 ,i + die 3 = c 3 - a 3 - bi j2 - d 3 ei - d 2 e 2 . 

We find all the r\j by solving at each step a differential equation of the form 

V^IA (ddrjj) + £ TjTT^rjjild - nf loctj ) = Cj - aj - Pj(m,V2, -,Vj-i), 
j 

where Pj is self-adjoint, J M tr{Pj + aj — Cj) = 0, (Pj + aj — Cj) preserves the filtration, 
and Pj is totally determined by the r] l computed previously for I < j. The fact that hk, q 
is hermitian is clear since the endomorphisms a,, the generalized Bergman kernel and 
the operator Pj are hermitian. □ 

In order to get from the conformally r-Hermite-Einstein metric a point in the sym- 
plectic quotient we will need the following lemma. 
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Lemma 7 Let 

q = (si, sat, A, 0i, m _i) G Qo 

6e a point corresponding to the holomorphic filtration J? '. Mie /i a hermitian metric on 
J-(&L k and consider the map in the Sobolev space End(J r ) l,a of hermitian endomorphisms 
of C l,a class of T over the compact manifold M , 



/N \ m-l T . e 

B q ,h, P '■ * ^ (J^ Si h ) V + P ^ 1 i r i 



k Hv-,),j 



where p € M. If we assume that 

~tr (Eiai<M«<>ft) =c* n + 0(fc n - 1 ) > 

_ o < po < £fe = v ^ Lfc ) , 
_ hv - k Vr-VJ2 j>0 £ i r i ' 

- k > ko where k$ only depends on the choice of the data {(t,, rj)j = i r . jm , c}, 

- r is an h-hermitian smooth endomorphism such that tr(.T) = 0(k n ), 
then there exists for all < p < po a smooth solution rj p of 

\ p (v P ) = r. (is) 

Proof We will use a continuity method on the Banach space End{T) ,a with respect to 
the parameter p. First of all, for p = 0, one sees that it is possible to solve lfT8|l by 
choosing 

Therefore, if one denotes I C the interval such that p £ I if r\ p is solution of lfTH|l . we 
have just proved that 7^0. Apply the Implicit function Theorem to see that I is open. 
By Lemma we know that the differential in r\ of £> q ^ is given by, 



But, from another side, we know that 

|||22^» T |ll<E^n(r-r i ). 
^ i 

Now, with our choice of po we get that ^ is invertible since we have tr(Ej Sj)^) = 
0(Jfe"). 

Finally, we prove that I is closed. If one has a solution rj of 

\~ h , P (v) = r, (19) 
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then for all U e J 7 ® L« p , 

E<-I,^.,<^^ + PE^<^^^ = W^. I| . (20) 
Since p and the r% are non negative, we immediately get that 

E(s l ,u) l . v (u, Sl ) 7i . v <(u,ru) w 

i 

Moreover, since we have tr(T) = 0(k n ) and £ = 0(A; ra_1 ), there exists a constant c'(ko) 
such that 

Usi,uh. v (u, Si )~ h . v > ^{u,ru)~ h . v . 

Now, if one considers X max > the maximal eigenvalue of 77 at p and i> an associated 
eigenvector, we obtain that 

— -j {v,rv)i < \ m axY.\{ v i s i)~ h \ 2 < (v,rv)~ h . (21) 

1 "T C j 

Since the (sj)i=i at form a free family, one gets that A maa; belongs to a compact set in 
norm and also the solution 77 of the considered equation, which is a definite positive 
hermitian endomorphism. With Lemma [TBI we can see that differentiating (|T9)l. we get 

£ «,<, Si )^ + ^n^f^dr, = dr-d(z Si (., Si )^j n. (22) 

Since P is smooth and M compact, one gets from the C° estimate of rj, a C° bound on 
drj, and by a similar way a C° bound on drj. By differentiating (|22|l. one sees again that 
ddrj is bounded in C° norm and consequently, our solution 77 is bounded in C > norm. 
Finally, with Arzela-Ascoli's Theorem we get / closed and therefore / = [0, e^]. □ 

Proposition 7 Lei 7js an integer q > 1, To eac/i almost balanced metric h^ >q corre- 
sponds a zero h q of the moment map fig on Qq such that 

\\hk,q ~ hq\\c° = 0( kq \_ a 

Moreover, we have the decomposition 

( s hSj)jr—r = o~ij + r)r 
M n i n' h i 

where ijj^ is a matrix N x N such that 

\\\vjrJ\\=o(\\<T q (k)\\ c «), 

where cr q (k) is given by Proposition^ 
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Proof Indeed, by Proposition |H1 there exists a metric hk,q 6 Met{T <S> L k ) such that 



rV 



-Id + cr q (k) - e k ^2ejTT 



J k . q 



(23) 



with \\a. 



C a + 2 



< C qta k n q l , (sj)i=i v .,7v a Hilb^ (/ifc i9 )-orthonormal basis and still 

e 3 = T- Consider the metric fo 9 = hk, q (rj; .) and a point (si, sat, -4, •••> 0m-l) G Qo- 
By perturbation of our almost balanced metric, we can get a zero of the moment map 
fJ-g on Qq. Indeed, by Lemma with the data 



r = T ~ 3 3 id = o{k n ) 

rv 



h = h 



k,q 



P = «*, 



we see that for k fixed such that k > ko we can find a smooth solution r\ of lfT8|) . Then, 
the metric h q = h k ^ q ■ rj is a zero of the moment map fig. 

Now the fact that h q = h kq ■ rj is close to h k:q is a consequence of the relation (|2"U]l 
which gives us for p = e k and v an eigenvector associated to the eigenvalue A > of 77, 



(*-l)Ei\( v , s i)h k J = (v,rv) hkq -e^jSjiv^-y v) hkq 

-Eil(«>»i>ft fc ,J 2 > 



-Eil(^si)^,J 2 > 



-nf' T 

k hk <i 
1 

A- 



l k.q 



+{v,T$(Id-r})v) hk q - Ei\(v,Si)h h J 2 , 



using LemmafTHl Here "d{Id—rj) is an endomorphism of .F(g>I/ fc such that ||i?(Jrf- 
0(|| Id — ^||^o )■ From another side, we get that 



(24) 



\c° 



< j ( Y.fi r A r - r j) 1 II 7 ? - /d || c o. 



(25) 



Since h kjq satisfies equation (|2*3|l by definition, we get from (|2*5*|) and (|2*i^l that for some 
constants co,c' ,c'q, independent of k, 



\V-Id\\c° 1 



CQCfc 



c' e k 



k n+l J k n+1 



\r)-Idf c o < 



k" 



|r-riu + iicr 



< p^(k)\\co- 
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We obtain the expected estimate for k sufficiently large. Finally, since the Sj are or- 
thonormal respectively to Hilb^Qik,^) , we have 

f UJ n f Ld n f ijf 1 

J M {ShSj) ^ = J M {Si,Sj)hk ' q ri + Jm {[V " Id)Si > Sj)h ^ri> 

f u) n 
= <% + / ((v-Id)s hSj ) hh —. 

We use now the first part of the proof and Cauchy-Schwartz inequality. □ 



4-6 Explicit formulas and analytic estimates 

Fix q a positive integer. From the almost balanced metrics hk,q, we have just got a point 
z in the symplectic quotient Z = Qo/ /G, with a metric (., .) = h q G MetiT <g> L k ) which 
satisfies 

N m-1 
i=l " j=l q ' 3 

where q = (si, sjv, A, 0\, m -i) G Qo is a lifting of z. We now study the SL(N)- 
orbit of the point z. We are looking for an estimate of the quantity A z in order to apply 
Proposition 13 We will apply the following lemma inspired from |lfil Lemma 18] in order 
to ease the computation of A z . 

Lemma 8 Let df°' SU{N) : su(iV) -> T ? Q and uf' hG : Lie{Q c ) -» TjQ &e tte infinites- 
imal actions induced by SU(N) and Q c on Qo and let z ^ Z be represented by z G Qo- 
Then for all £ G su(N), 

2 



2o,SU{N). 



2o,G s 1 



with 7r : T^Qo — ► TzQo orthogonal projection onto Im y)~ °' ) .In particular, 



A z = I min 



CGsu(7V) |f| 



Consider the matrix 
and let 



A = (ay)ij G v /z Tsu(iV) 
3=1 
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be the induced basis by the infinitesimal action of A. We look for the projection of 

a = (a 1 ,...,a N ,0, ...,0) 

from the space C°°(M, T <g) L k ) N x J]j C°°(M, 9*TGr( ri , J 7 )) onto the orthogonal com- 
plement of the subspace 



V 



jU lt ..., QSN , (id - ^fvpf \ .., (M - 4® L \)s4 

< V h q ,l h q ,l h q ,m—X h 

{ s.t. € 



Lie(G l 

which is the image of the infinitesimal action of <5 C of the point q, since 0*TGr(rj,^ r ) 
Hom(hn(e i ),lm(e i ) ± ' r i), 

Notation We set as self-adjoint operator on End(T (g) L k ), 

m—l 

Cst k f-f J hq,j h q ,j 

4=1 



If the condition 



(27) 

holds, we notice that it makes sense to consider the operator (Id — . 

Lemma 9 With the previous notations, assume that one has Cst^ = 0(k n ) in equation 
TM) . Let 

B k = (id- my 1 C^Eij"jiSi(-,*j)) 



be the hermitian endomorphism of End(J- £g> L k ) induced by the matrix A. Then the 
orthogonal projection of a onto V is 

P = (b aSi , .., B ASN , (Id - nff k )B A ^ L \.., (Id - nf® L \ )B k ^ L \ 

— \ n, q ,l n, q ,l hq,m~\ hq,m—\ 



Proof We need to prove that for all g 6 Lie(Q 

£<B A « - a uQ s t ) + e k J2 Hid - *&?)Btf»*» (Id - ^ W^} = 

• • h q ,i h q ,i n q ,i h q ,i ' 

which is equivalent to saying that 

E ® s * " *i ® s * + £ fc E ei(Id - '•' ;/>' A r 
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i.e. 

(/d-#)£ A = ^I>i®*i> 

since one considers a point of [ig 1 (Cst x Id) and therefore we have a determined metric 
via J2SJ. The fact that 

ee k - ^ x{:F ® Lk) - O(k^) 

allows us to reach our conclusion since condition (|2*T|) is satisfied for k large. □ 

We set 

tpi = <ji- B A Si l<i < N, 

iP N+i = (7r£® ifc - Id)B A 7r^ Lk 0<i<m-l, 

h q ,i h q ,i 
= ("01, ...,1p N+m -l). 

Notation In all the following, we will denote 

2 N+m-l r 

lMU-)= £ i^nW(M = Ey M i^i^, 

and IIIQIH^^) will stand for the L 2 operator norm induced by U) and the metric h q of 

an endomorphism Q 6 C°° (M End{T ® L k )) . In particular, we can write the quantities 
A Z ,A Z as 

A' 1 = min IMI^ N , AT 1 = min IM!^ (28) 
iAesu(JV),||A||=l " iAGsu(Ar),|||A|||=l M — 

We also need the following definitions. 

Definition 16 Lei /ijf 6e a hermitian metric that we fix as a reference metric on T and 
fix an integer a > 2. To the integer k, we associate the metric 

h T = h T ® h\ 

on !F®L k . We will say that for R > 0, another hermitian metric h\ = h\®h k L on T®L k 
constructed in a similar way has (R, a) -bounded geometry if the two following conditions 
are satisfied: 

hi > — hp, h 1 - h T 



< R, 



where \\-\\ C a designs the standard norm C a determined by the reference metric hjr. These 
conditions are equivalent to 



hi > \h T , \h x - hjr\\ Ca(h) < k a/2 R. 



Clearly, up to a modification of R, this definition is independent of the choice of the 
metric hjr. 
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Definition 17 Consider a point (so, sjv? A, 0\, m -i) € Qo and R a positive real. 
We will say that the basis (si) i=1 N has (R, a) -bounded geometry if there exists a smooth 

hermitian metric h q which satisfies the condition \2o]) and has (R, a) -bounded geometry. 
We are ready to introduce the main result of this subsection. 

Theorem 4 Let & be a simple holomorphic filtration. For all R > 0, there exist some 
constants C = C(R,h^,hi) and e(R, hp, hi) < \ such that if, for all k, the basis 
( s i)i=i n ^ H°(M, T tg> L k ) satisfying has (R,a)-bounded geometry with \\\t]\\\ < £ 
and Cstk = 0(k n ), then for all matrix A = (oy)ij G y/—lsu(N), we have 

ll A ll < C H±\\ L 2M > 

where ip € V ± is the orthogonal projection to V of a. For the corresponding point z G Z, 
we have 

A z < C 2 k 2 , A z < C 2 k 2 . 

We shall postpone the proof of the theorem and introduce now some useful identities 
and lemmas. 

First of all, we set the following decomposition with respect to the metric satisfying 
equation 

s j)mu>) = ( s ^ s i)zj = 5 a + Vij, (29) 

where r] = (rj^) is a trace free hermitian matrix N x N . Thus, r] = if and only if & 
is fc-balanced. 

We will also use the following well-known facts (for all hermitian matrices S, R of size 
NxN). 

|||R||| < ||R|| < ViV|||R||| , (30) 
|tr(SRS)| < ||S|| 2 |||R|||, (31) 

|tr(RS)| < VN\\S\\ |||R||| . (32) 

Lemma 10 Under previous assumptions, if the basis of holomorphic sections (si) i=1 N G 
H°(M, T (g> L k ) has (R, a) -bounded geometry, and \ \\t]\\ \ < ^, then 

l|A|| 2 < 2(|||i?A||li 2H + ||i||^ H 

Pi-oof To prove the second inequality, we use the fact that we have an orthogonal de- 
composition of C°°(M, T (g) L k ) N x f]™^ 1 C°°(M, O^TGr^ijJ 7 )): 

<r = 'tp+p, 

with pGP^G? 1 . But, 

[klli,2(a,) = E kjl 2 + E a ijVji a n = ll A H 2 + tr(A?7A), 

i,3 
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and since |||»7||| < \ we have by IpTTj) that 

l|A|| 2 <2||a||i 2H , 

and thus 

|iiaii 2 < ll^lli 2( ^ + ll^lli 2( ^ < ll^lli 2( ^ + iii^Aiiii 2( ^ 



□ 



1 1 1 2 

We use Poincare inequality to evaluate the term IH-BaIH/^ 



(«)• 



Lemma 11 Assume that the holomorphic filtration is simple and that A £ \/—lsu(N). 
If the basis (si) i=1 N ofH°(M,T®L k ) has (R, a) -bounded geometry, then there exist 
two constants C\,Ci that depend only on R and of the reference metric on T such 
that for k large enough, 

\\\BA\\\h( u ) < Ox \\dB k \\\ 2{w) + C 2 (\\H\\ + £) 2 ||A|| 2 . 

Proof The fact that is simple implies that for any 7 > 1, there exists c(hj^,"f) such 
that if h £ Met{F) is a metric satisfying 

7/ijr > h > -hp, 
7 



then 



1 11 2 

\ W \\l 2 (u}) 



II- l|2 1 f 

<c\\dw\\ T2f nH — — I / tr(w)dV 

- II IIl»( w ) rV 1 J M v ) 



for all w € End{!F) such that wiTi) C T{. This is simply the Poincare inequality with 
respect to the metric uj (see also Lemma 25]) whose volume is V. Now, since B k is 
hermitian, we can decompose B k under the form 

Ba = Tb a + Db a + T# A , 

where Tg A is upper triangular and Dg A diagonal. Let n{B/\) = Tg A + |Db a . Then 
1J(Ba) is an endomorphism of T such that n(B k )(J 7 i) C Ti. Therefore, 

lltf (S A )||£» < O2 \\dn{B k )\\ 2 L2{u) + -L ^ \tr(B^\ 
Nevertheless, the fact that B k is hermitian also gives us that 

\\n{B k )\\l, {w) = \\\B k \\\ 2{uj) 

and \\dn(B fK )\\^ L2{u) = \ ||<95 A || 2 2(w) . Thus, we have 

|||BA|||ia (w ) < II^A|li2 H < Ci \\dB A \\ 2 L2{u)) + Q\r(-B A )^j-) • 
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Now, A is trace free and J M tr(^ i Sj(., Si))dV = 0(1). Therefore we notice with 
that for k large enough, there exists c such that 

<<*(lNII + ;) ||A|| 

for C<i > 1 large enough, and we get the expected estimate. □ 
To get rid of the term 1 1 |<9-Ba| | |^a/ w ) > we need the following lemmas. 

Lemma 12 Under previous assumptions, there exist two independent constants C^(jo), 
C( 2 )(jo) such that for all j < jo, 

\V J Si{z)\ 2 < C^k j+n for all z G M, 

i 

\\V J B A \\ 2 L2H <cWk>\\A\\ 2 - 

Proof We have pointwise the following Poincare inequality for any holomorphic section 
/• 

and for h, 



\vm\:<c \f\i-, 

J B(x) n - 



\^f(x)\l < cW / |/|f- ^ < ckP / \f\l 

hq Jb(x) hq n - Jm hq nl 

where B(x) is a geodesic ball centered at x G M and c depends only on R and uj. Now, 
we sum up for all i and use the fact that 

£ k(*)| 2 < tr (£i8i{x)(., Si (x))) + tr ^; >: / -,^ ; / i ) < rCst k . 

Hence, we get the inequality since Cst k = 0(k n ). 

Moreover, since Bj\ is not holomorphic, we look at M' = M x M (cf. P- 507]) where 
M is equipped with the opposite complex structure and pi,P2 are the projections on 
the first and second factor. To the connection and the metric on L — > M correspond a 
connection and a metric on L — > M equipped with the opposite complex structure. Let 

T' -> M' be denned by p\ (~T ®T k Y ® p* 2 {F®L k ). Let s v G H° (m,^®!*) be 



the holomorphic section associated to s G H°(M, J 7 L k ) via the C°° isomorphism of 
bundle denned by the metric. Then, we set 

B A = {Id- ST 1 ) I £ a jiSi ® s] ) , 
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which is a holomorphic section of P ' . Thus, if we denote E A = Ylij a ji s i{-i s j) we notice 
by Cauchy-Schwarz inequality that 



(Z A ,^(Z A )) < ||27 A ||||#P(27 A )|| < ( € -^^Y\\Z A \\ 2 . 



Then, we get 



{U A + ^(U A ) + ^ 2 (U A )+...,U A + ^(U A ) + ^ 2 (U A ) + ...) L 2 {LU) , 

(U A ,E A ) L 2 H (l + 0(l/k)), 
(l + 0(l/fc)) 



(Cst k 



M ■ 



aija k i(si,Sj)(s k ,si) — , 

i,j,k,l 

(i + o(iA)) tr (A {M + ^ (/d + ^ ^ 



But, we know that Cstk = 0(k n ). Since we have chosen a basis with (R, a)-bounded 
geometry, we obtain by inequality pTj) . 



Be 



< Cfc- n ||A| 



Now, we notice that B A is simply the restriction of 5a over the diagonal of M' . We apply 
the inequality for a holomorphic section as in the first step of the proof, and get 



V j B A 



l 2 H 



which allows us to conclude. 



□ 



Lemma 13 There exists a constant C3 which depends only on R and of the reference 
metric hp such that for k large enough, we have 



JV+m-l 

E 

i=l 



e wmh 



^A||| 2 i2H <^3||^|| 



Proof We shall begin to prove the LHS equality. Pointwise, we have 



EI^| 2 = Eto AS ,)r + E^i 



52\d(B A )si\ +E £ fc £ i 



d[(Id-7T^ Lk )B A 7T^ Lk 

\ h q ,i h q ,i 



(33) 



(34) 



since the Si and 9i are holomorphic. The RHS of (|3*i^l is, by definition of the metric we 
have fixed, the operator norm |||1?a||| 2 at the considered point p of M. By integration 
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over the manifold, we have the first part of the lemma. 
Now, we have with previous equality, 



\dB A \ 



N 



N 



<WEII^A^||| 2M EII^||| 2 



- M . . 

1=1 1=1 
lm—1 



i=i 



2 m— 1 

y 

L3(w) £i 



and from another side, 



l^(^)|| i2H < ||V 2 (5 A )|| L2( +||2VB A -V Si || L2 



»(«) 



<I|v 2 (5a)|| l2m + 



2V£ A • Vvr 



hq,j 



We conclude using the last lemma (2 nd inequality) and the first part of the proof. □ 
Proof of Theorem^ With the last lemmas, we have straightforward, 
l|A|| 2 <2(|||i? A |||i 2H + ||^|| 2 2{ J, 

< 2 f Ci II^aII^, + C 2 (lIMH + £f ||A|| 2 + ML (U )J < 



<0(/ l ||^IL >) l|A||+(||NII + ^) ||A|| 2 + 



La( w ) 



With the assumption |||»7||| < e and fe sufficiently large, we choose e such that we have 
C4 (e + -g) 2 < 5. Then, there exists a constant C, independent of k, such that 



iiAr<G^|^|| L2H iiA|i + ||^ 2H 

II II II 1 1 2 

If k \\ib \\ T0I > A < h/> L,, , then the result is clear since k > 1. Otherwise, after 

II — IIZr(o;j 11 11 — II— HL^(tj) — 

simplification, we get exactly the expected inequality. 

The second part of the theorem is a consequence of the equality (|2"%|l and of the fact that 



IAIN < ||A| 



□ 



4-7 Approximation Theorem for T-Hermite-Einstein metrics 

In this section, we achieve the proof for Theorem using the analytical estimate of 
the previous part and the construction of an almost balanced metric. We fix now as a 
reference metric the metric hjr = hoc, which is a conformally T-Hermite-Einstein metric 
solution of equation 



40 



Julien Keller 



For any trace free matrix S G \/—l$u(N), we can consider the action of SL(N) on 
z G Z to obtain another point e s * z of the symplectic quotient. This gives us a new 
hermitian metric hs G Met(T (8> L k ) that still satisfies equation and depends on q. 
Let tj(S) be the matrix satisfying the decomposition H29jl for this new hermitian metric 
hs - Under these conditions and with the notations of Proposition^ we have the following 
estimates. 



Lemma 14 Fix a real number R > and S G 



< 



-lsu(N) with in^iii _ 2 . 
1. If q > a + 1, then there exists a constant C5 (independent of k and R) such that if 
one has 



|||S||| + ^ <C 5 R, 

then the metric hs has (R, a) -bounded geometry. 

2. There exists a constant C§ (independent of k) such that 

|||77(S)|||<C 6 (|||S||| + ||<r ? (A0lbo)- 

Proof First of all, the construction is invariant under SU(N) action. So, we can assume 
that S = diag(Xi) is a diagonal matrix with ^ Aj = 0. We consider the two points 
z = (si,...,SN,A,0i,...,9 m -i) G Z and z' = (e Al si, c Xn s n , A, 8\, 9 m -i) & From 
Lemma there exists a smooth endomorphism 775 £ End(T (8> L k ) such that 



&r (lis) 



C k Id. 



Fix hs = h q ■ -qs- Now, by definition, 



£ Si(; Si)j~ + e k E Zj*(® Lk = Cst k Id + E(l - e 2Ai )^(-> » 



'As" 



We apply the same reasoning that in the proof of Proposition using the estimate of 
Lemma fT^l fl rst inequality). Thus, we have that 



h q - h s 



C° 



< ci IIISI 



Moreover, by Proposition^ the metric h q differs from the reference metric h^ by a term 



of the form O (1/k) in C a norm. Hence 



h r 



he 



c° 



< R by choosing suitably C5. 



Finally, for C5 chosen small enough, we can also ask that hs > tj^oo since the quantity 

|||S||| is bounded by assumption. 

For the second assertion, we notice that 



Jm 



r)se Xl Si,e Xj s, 



dV -5. 



13 > 



-- I ((r, s -Id)e Xi s i ,e^s j )^dV+ 



M 



C S>i j 6- ^ S j 



dV-5. 



(35) 



Vortex type equations and canonical metrics 



41 



From the first part of the proof and Proposition the first term of the RHS of is 
bounded in C° norm by a multiple of |||S||| 2 . By Proposition the second term of the 
RHS is bounded by a multiple of |||S||| + ||<T g (A;)|| c o. □ 

With the next proposition we check that all the assumptions of Proposition 03 are 
satisfied. 

Proposition 8 Let R and q be positive real numbers. 

If we assume |||S||| < min{5, Sk n ~ q+1 } with 5{R,M,^) small enough, then the metric 
hs has (R, a) -bounded geometry, the basis (si)i=i,.. ) jv has (R, a) -bounded geometry and 
z = (si, sn, A, 0i, m —i) is a zero of the moment map fj,g. Moreover, Hsu(N) = *7(S) 
where the matrix rj (S) 4 ■ satisfies \29\) with 

||t/(S)|| = 0{k Zn ' 2 - q - 1 ). 
Proof With the choice of |||S||| + \ < C 5 R, Lemma d gives us that if |||S||| < 5 with 

5 = mm(C 5 R/2, 1/2), 

then the metric h$ has (R, a)-bounded geometry. From the almost balanced metrics hk : q 
which satisfy 

£ *<■> s l ) hk , q = C k Id -e k J2 ei<®5" + tr q {k), (36) 

i j 

and ||<Tg(A;)|| c , C(+ 2 = 0(k n ~ q ~ 1 ) we can apply Proposition Under these conditions, we 
obtain from inequality 1(30]) and Lemma [TH that 

\\ V (S)\\ < Vn\\\v(S)\\\ <Csk n l\5 + C 7 )k n - q -\ 

□ 

Finally, we get the main result of this paper. 

Theorem 5 Let & be an irreducible holomorphic filtration equipped with a T-Hermite- 
Einstein metric huE on a smooth projective manifold. Then is balanced and there 
exists a sequence of balanced metrics h k which converges in C°° sense towards a metric 
hoc conformally r-Hermite-Einstein, i.e. towards Hhe up to a conformal change. 

Proof We begin to prove that we can construct a sequence of balanced metrics which con- 
verges in C a topology towards the conformally r-Hermite-Einstein metric hoc, solution 
of equation lfl"3|) . 

Let e be fixed by Theorem0]and 6 by Proposition El Apply Proposition[H]with R > 0, 

q > ^p + 2 + a and ||S|| < mm{5k n ~ q+1 , e} < 5. We obtain a point represented by 

{si, sat, A, 0i, m -i} € Qo- By Theorem^! we know that at that point, A z < C 2 k 2 . 
Again, by Proposition [HI we get 

A||t7 S || < XCsk 3 " 1 / 2 ^- 1 < C 9 k 3n / 2+1 - q . (37) 



42 



Julien Keller 



Since |||S||| < ||S||, we want to apply Proposition with the data 

VSU(N) Oo) = ??S> A = C 2 ^ 2 ' 

and 5 given by Proposition[Hl But inequality (|H7|) asserts that the quantity A||/is[/(7v)(zo)|| 
can be chosen smaller than 5 for k large enough since q > % + 2. Then, by Proposition 
EJ we obtain that 

|||S||| < ||S|| < Cgk 3n ^ 2+1 - q , 

and also the existence of a metric hs close in C° topology of /i^ up to an error in 
O ^/ c 3n / 2 -'?+ 1 ^ an d /c-balanced. In fact, we also have 

and consequently, the convergence in C a topology towards for all a > 2. The theorem 
is proved using now Proposition El □ 

Corollary 1 The Hermite- Einstein connection on the bundle T of the stable filtration 
& is unique up to an holomorphic automorphism of & . 

5 Applications to the case of Vortex type equations 

In this part, we give some applications of Theorem [HI and in particular we study the case 
of coupled Vortex equations for which we have found it impossible to develop a direct 
method. Instead of working with the projective manifold M, we consider the Vortex 
equations as r-Hermite-Einstein equations on a higher dimensional manifold and apply 
a dimensional reduction procedure. 

5.1 Equivariant holomorphic filtrations 

Consider G a connected simply connected semisimple complex Lie group and P C G 
a parabolic subgroup of G. In particular, G/P is a Flag manifold. We denote K the 
maximal compact subgroup of G and consider X = M x G/ P with trivial action on M . 
The Kahler structure on M and G/P define a Kahler structure on X. 

Remark 8 One could also have construct X as a projectively flat G/P-bundle. See [Jj for 
details. 

Definition 18 We will say that a coherent sheaf J- is G-equivariant if the action ofG on 
X can be lifted holomorphically to T . A G-equivariant filtration on X is a filtration 
of G -invariant coherent subsheaves of a G-equivariant sheaf J 7 on X, 

& : = jT ^ ... ^ jr m = F. 
If the sheaves Ti are locally free, we say that the filtration is holomorphic. 
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Definition 19 A filtration & is G-equivariantly r-stable (resp. semi stable) if & is G- 
equivariant and for any G-invariant proper subfiltration & , we have 

H T {&') < Ht{&) {resp. <). 

Moreover, a filtration is G-equivariantly polystable if it is a direct sum of r-stable G- 
equivariant filtrations with same slope fi T . 

Definition 20 A filtration & is said to be G-equivariantly Gieseker It- stable (resp. semi- 
stable) if & is G-equivariant and for k large, one has for all proper G-invariant subfil- 
tration of & , 

< hp; — [resp. <). 



r(T') r{T) 

Proposition 9 Let & a G-equivariant holomorphic filtration on X. Then, & is G- 
equivariantly r-stable (resp. Gieseker It-stable) if and only if it is G-equivariantly inde- 
composable, and considered as a holomorphic filtration, has a direct sum decomposition 
into r-stable (resp. Gieseker It-stable) holomorphic filtrations &j } 1 < j < jo such that 
these filtrations are images one from another by an element of G. 

Proof This is similar to ^El Theorem 6] and Theorem 2.2] and thus will be omitted. 
One obtains a HKDUY correspondence for the holomorphic G-equivariant filtrations. 



Theorem 5.11 Let r € and & be a holomorphic filtration of length m. A holo- 

morphic filtration & is G-equivariantly r-polystable if and only if there exists a smooth 
-RT-invariant hermitian metric h solution of the r-Hermite- Einstein equation (J2J. 

Proof See Theorem 4.7]. 

Proposition 10 Let & a holomorphic filtration over X of length m. Then & is G- 
equivariantly Yt-Gieseker stable if and only if Aut(^) = C and for k large, there exists 
a K-invariant metric G Met{T <8> L k ) such that 



m— 1 at I , sr^m—l 

R 4. e e - k Z "J= 1 



£ j r 3 



where 



€k Vr-VJ2 j>0 e jrj ' 
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Proof First of all, since & is G-equivariantly R-Gieseker stable it is in particular R- 
Gieseker semistable and so one can consider for k sufficiently large a Gieseker space &k 
as it is done in Section 2.2. The fact that the action lifts holomorphically implies that 
we have an action of G on 6^. By definition of the embeddings ikj (cf. pEJ, the same 
holds for the space II and therefore on the zero set of the Now by uniqueness, this 

implies that the balanced point in II induced by the ikj is K-invariant (the existence 
of this point is clear from Theorem |2|). But this point only depends on the choice of the 
metric E Met(i/ (jr ig) L k )), and therefore the balanced metric is K-invariant. This 
gives the result using the Fubini- Study map FSk- 

With the previous results in hand, it is now clear that we have an equivariant version 
of Theorem i-e that a .fT-equivariant r-Hermite-Einstein metric can be approximated 
by /T-invariant balanced metrics. Indeed, the balanced metrics that we construct in the 
proof of Theorem [SI are by uniqueness necessarily X-invariant. 

Theorem 6 Let & be an irreducible holomorphic filtration over X equipped with a K- 
equivariant T-Hermite-Einstein metric Hhe- Then & is balanced and there exists a se- 
quence of K -equivariant balanced metrics which converges in G°° topology towards 
huE up to a conformal change. 

5.2 Filtrations, quivers and dimensional reduction 

We now suppose that X = M x G/P, and the action on M is trivial. We denote p : 
X — > M and q : X — > G/P the natural projections. By restriction, any G-equivariant 
vector bundle on X defines a P-equivariant holomorphic bundle on M x P/P ~ M. 
Conversely to any holomorphic P-equivariant bundle E on M, one can associate a G- 
equivariant bundle by considering the quotient of G x E by the action of u E P given by 
u - (g, e) = (g-u^ 1 ,u ■ e) for which one has an action of g' E G by g' ■ (g, e) = (g'g, e). This 
principle of induction and restriction can also be applied to coherent sheaves. In fact, 
this equivalence of categories between G-equivariant holomorphic vector bundle on X 
and P-equivariant bundle on M can be extended in the following framework developped 
in P1|T]. 

Proposition 11 Any coherent G-equivariant sheaf T on X admits a G-equivariant sheaf 
filtration 

& : T Q ^ ... ^ T m = F 

J 7 l /J r i-i^p*(£i)0q*(O{X l )) 0<i<m, 

where Aj are increasing numbers and £i are non zero coherent sheaves on M with trivial 
G-action. If J- is a holomorphic vector bundle, then the £{ are also holomorphic vector 
bundles. 

This motivates the following definitions (see |2*P] for details). 
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Definition 21 A quiver is a pair of sets Q = {Q v ,Q a } together with two maps h,t : 
Q a —* Q v . The elements of Q v are called the vertices, and the elements of Q a are called 
the arrows. For each ~~a G Q a , the vertex h~a is called the head of the arrow a , and ta 
its tail. Moreover, Q will be locally finite, i.e we require h (v) andt~ l (v) to be finite for 
all v G Q v . A trivial path at v G Q v consists of the vertex v with no arrows. A non trivial 
path in Q is a sequence of arrows p = oq o ... o of* that can be composed, i.e tdi-[ = Kal. 
A relation of a quiver Q is a formal finite sum r = c\p\ + ... + c n p n of paths pi with 
coefficients C{ G C. A quiver with relations (Q,1Z), is a pair consisting of a quiver Q and 
a set of relations 1Z for Q. 

Definition 22 Let Q be a quiver. A Q-sheaf (S ', <p) is a collection of <§ of coherent 
sheaves S v for each v G Q v together with a collection of morphisms (p-g : £ t -£ — > £ h -g for 
each arrow ~a G Q a such that £ v is zero for all but finitely many v G Q v . A holomorphic 
Q-bundle is a Q-sheaf such that all the sheaves are holomorphic vector bundles. For a 
Q-sheaf, any path in Q induces a morphism of sheaves and the trivial path induces the 
identity morphism id : £ v — > £ v . The Q-sheaf (S', cf>) satifies a relation r = c\pi + ...+c n p n 
if Y^i c i$a~l ° ••• ° §a~C = where k is the length of the path pi = a^o o ... o a~r . Let 
1Z be a set of relations of Q. A (Q,lZ)-sheaf (resp. (Q,1Z) -bundle) is a Q-sheaf (resp. 
Q-bundle) satisfying the relations 1Z. 

Remark 9 The notion of quiver is a natural generalisation of the notion of chain that 
appeared in pQ. A sheaf chain is a pair = (S 1 , <j>) where $ = (So, ...,S m ) is a (m + 
l)-tuple of coherent sheaves and a m-tuple <f> = (cfti, <f> m ) of homomorphisms fa G 
Hom(Si,Si-i). We will later need the notion of a stability for a chain. If we denote the 
ct-slope 

where a = (ai, a m ) is a collection of real numbers, then the chain is called a-stable 
if Ha^') < Haffi) for all proper subchains c €' of % '. 

We have the following theorem from |2;, Theorem 2.5]. 

Theorem 5.21 There exists a one-to-one correspondence between the categories of G- 
equivariant holomorphic vector bundles on X = M x G/P and of holomorphic (Q,TZ)- 
bundles on M. 

Let's give a simple example. We have a correspondence at the level of holomorphic 
objects between the extensions on X of the form 

-> p*S —> E —> p*Si q*0(2) -> 

and the triple (So, Si, (pi) where (pi G Hom(Si,So). Indeed, Kunneth formula gives us 
H 1 (X,p*(S ® St) ® q*0(-2)) ~ H°(M,S ® S{) ® H l (¥ l ,0(-2)) and if we now fix 
an element in H 1 (P 1 ,0(—2)) ~ C, the homomorphism (pi can be identified with the 
extension class defining E. 



46 



Julien Keller 



5.3 Dimensional reduction and applications 

Let to' = p*uj + q*0J e (where oj e is the If -invariant smooth Kahler form constructed in 
Lemma 4.8]) be a Kahler form on X = M x G/P, We have the following central 
theorem [2J Theorem 4.13] of dimensional reduction between quivers and r-Hermite- 
Einstein nitrations. 

Theorem 5.31 Let J 7 he & G-equivariant vector bundle on X, and let ^ be a G- 
equivariant filtration associated to T of length (to + 1). Let (<f,</>) the corresponding 
holomorphic (Q, 7£)-bundle on M. Then J? admits a if-invariant r-Hermite-Einstein 
metric with respect to uj' if and only if for each v € Q v such that the holomorphic vector 
bundle £ v of (<^,<^) is non trivial, there exists smooth hermitian metrics h v £ Met(£ v ) 
satisfying 

^ln v AF hv + <ht°<££- E ^°^ = <Id £v (38) 

"ae/i~ 1 («) ~a<=t- 1 (v) 

where n v = dim(M v ) is the multiplicity of the irreducible representation M v of P attached 
to v. 

The relation between the real positive numbers (r«) and {t' v ) is made clear in [21 Section 
4.2.2]. We will refer to the system (|3*%|l as a quiver Vortex equation. Many equations from 
litterature can be obtained as a particular case of a quiver Vortex equation. We shall 
now give the main examples of such equations. 

- The case of coupled Vortex equations. Indeed, consider X = M x P 1 and the group 
action SL(2) = SL{2, C) given by the trivial action over M and the standard action 
on P 1 via the natural identification 

P 1 = 5L(2)/«p, 

where *P stands for the parabolic subgroup of lower triangular matrices of SL(2). 
In that case studied in £Q, the previous theorem can be rephrased in the following 
way. A holomorphic filtration ^onl admits a S'f7(2)-invariant r-Hermite-Einstein 
metric respectively to p*uj + q*u>ps (where u>fs denotes the Fubini-Study metric on 
P 1 ) if and only if the chain = (S ', <p) admits a (to + l)-tuple of hermitian metrics 
h = (/to, h m ) satisfying the following chain of Vortex equations (also called coupled 
Vortex equations), 

{Ti-2i)Id £i (l<i<TO-l), 

(r m - 2m)Id £m . 

(39) 
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Note that these equations have been related to the computation of some twisted 
Gromov-Witten invariants [HH|- It covers the interesting case of holomorphic triples 
(Ei,E2,(f>) where (j) G H°(X, Hom(Ei, E2)) which is simply a holomorphic chain of 
length 1. The coupled Vortex equations relative to these triples have been extensively 
studied (see for instance [WTolE^ . 

- The case of Hitchin's self-duality equation |22] over a complex curve C, 

i^ + [<f>,<2>*"] = 0, (40) 

where <P G H°(M, End(E) Kc) and is the trace free part of the curvature F^. 
The notion of stability considered here is simply the usual one for the holomorphic 
vector bundles restricted to the ^-invariant subbundles. On the moduli space A4 of 
stable Higgs bundles of degree over C, we have the so-called S 1 action of Hitchin, 

g ■ {A, <P) = (A, g$) G A{E) x H°(M, End{E) ® K c ) 

which preserves the natural Kahler form on A^. A stable (E, A,&) bundle represents 
a fixed point of this action if and only if there exists a Gauge transformation •& such 
that D^d = and = yf^W (cf. |231I37S] V Then, the Higgs bundle E is called 

critical and can be decomposed holomorphically 

d 

E = @E h 

8=0 

and & acts with increasing weights Aj G M on each factor E^, i.e one has a variation of 
Hodge structure. We also have some non trivial morphims <Pi : Ei — > Ei + \ (g) Kc with 
$ = ®j <Pi. If one denotes now £i = E^-i <8> K c ~ l , then we can define a holomorphic 
chain {£ ', cf)) by considering the morphisms 

Now, to find a solution h G Met(E) of lf4T)|l for a critical Higgs bundle over C is 
equivalent to find for < i < d smooth metrics hi G Met(£i) solutions of the 
couplex Vortex equations associated to the holomorphic chain (<£", 0). Indeed, this 
chain is cc-stable with respect to the weight a = ((m — i) deg(i^))j = o i ..,d and up to 
a conformal change e p given by the potential of the fixed metric on Kc, we have 

- The case of Witten triples (Vafa-Witten equations studied in [40J). Let L be a line 
bundle on a complex surface 5 and (£, <fi, 9) a triple formed by a holomorphic structure 
C on L, a holomorphic section <fi G H°(M, C) and a morphism 9 : C — > The triple 
(£, 0, 9) is called /3-stable if deg(£) < (3 and / or /3 < deg(£) and 6» / 0. A triple 
is /3-stable if and only if (cj>, 9) 7^ (0, 0) and there exists a metric h on L satisfying the 
equation 

y/=lAF h + ±(\<l>\ 2 h -\e\ 2 h ) = /3. (41) 
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Suppose now that deg(£) < (3 and (p does not vanish (we will say that the triple is 
special), then we can consider the chain 

which is a-stable with a = (ao,/3, 02) if deg(£) < (3 + deg^s) — «o- If we choose 
ao — deg(Ks) > sufficiently small, then we know the existence of solutions for 
the associated couplex Vortex equations and in particular there exist two metrics 
h G Met(K s ) and hi G Met(L) such that 

(42) 

■lAF hl + ^{\<f>\*-\0n=P. (43) 

Note that here the norms \9\ 2 (resp. \4>\ 2 ) are computed with respect to both metrics 
ho and hi (resp. hi and a trivialisation frame on the structure sheaf). For ao~ deg(Ks) 
sufficiently small, the term A = \cp\ 2 — \6\ 2 is going to be positive by l|4*2*|l and we can 
recover ijiTIl from l|4*3*|) if we do a conformal change. Indeed, this leads us to find a 
smooth function / on S such that Af + Ae^ = B with f s BdV = (3 — deg(£). But 
from the work of Kazdan and Warner |2Z], the existence and uniqueness of / holds 
as soon as A > and f s BdV > 0. 

The case of Bradlow pairs jH] studied in pjj]. If (E, (j)) is a pair (i.e. E is a holomorphic 
vector bundle and <j> G H°(M,E)) on (M, u) and if F is given by extension on 
X = M x P 1 

-► p*E -> F -> q*0(2) -> 

then (E, (j>) is A-stable in the sense of Bradlow if and only if F is Mumford- stable 
with respect to the polarization associated to 

(r(E) + 1)A - deg(E) 

Of course, there is a natural identification between the pair (E, <j>) and the triple 
(E,0,(j>). Nevertheless, except in the case when rk(E) = f, it is not possible in 
general to relate in a simple way Bradlow's equation jH] to equation l|38|). Instead, 
one obtains a new equation, called almost Vortex equation 



where u depends on the choice of a trivialisation on the structure sheaf. Even if this 
metric h and the solution of Bradlow's equation are not related by a conformal change, 
they define the same point in the moduli space of solutions [TT] , 
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Now, suppose that we consider a metric (or a family of metrics) solution to one 
of the previous equations (JSHt , lEUt , (HO]) , HB ■ Thanks to Theorem 15.311 we know that 
these solutions are related to a i^-invariant r-Hermite-Einstein metric for a nitration on 
X = M x G/P. From the equivariant version of the Approximation theorem (Theorem 
IEJ, we see that these solutions can be approximated by 'algebraic metrics', i.e metrics 
coming from a G.I.T construction as a zero of certain moment maps in finite dimensional 
setting. Finally we get, 

Theorem 7 Let (£ ', (ft) an irreducible (Q, 1Z) -bundle on a smooth projective manifold M 
such that for each v G Q v with £ v non trivial, there exists a smooth hermitian metrics 
h v G Met(£ v ) satisfying the quiver Vortex equation /T^j) . Then, up to some renormaliza- 
tions by conformal changes, every metric h v is the limit in C°° topology of a sequence 
of algebraic metrics. In particular, the solutions of coupled Vortex equations, critical 
Hitchin's self-duality equations over a curve, special Vafa-Witten equations can be ap- 
proximated by algebraic metrics. For an irreducible stable pair, the sequence of algebraic 
metrics obtained converges to the solution of an almost Vortex equation. 

6 Appendix 

6.1 Endomorphism LJ h ' 

In this part, we gather some elementary and technical results which are used in Section 



Let & be a holomorphic filtration of length m, h a hermitian metric on J 7 and ir^ i 
the /i-orthogonal projection onto the bundle T% C T . For two smooth hermitian metrics 
h\ and /12 on we know that they are related by the existence of an endomorphism r\ 
such that 



and rj is hermitian with respect to /12 and definite positive. In particular, it is well known 
that F hl =F h2 +d(i 1 - 1 d h2 r ] ). 

Notation We set by h ■ rj the metric h(r]-, •) for 77 G End^J 7 ), hermitian with respect to 
h. 

Lemma 15 For all (m — l)-tuple {n, ..,r m _i} of real numbers and all h-hermitian en- 
domorphism r\ G End(T) such that h! = h ■ rj, we have 



Proof First of all, we can restrict to one of the factors 7r^, /i-orthogonal projection onto 
the subbundle Ti. Let 1 1— > iTi(t) be a one parameter family of projections onto the bundle 
Ti such that 7Tj(0) = ir^. Since we have the relations 



4. 



h x {X,Y) = h 2 {r ] X,Y) 




^i{t)TTi{t) 



7Ti(t) 
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we obtain that 

^(0)^(0)' = m(o)', 

i.e. Im(7Ti(0)') C Ti. From another side, 7r i (0)'vr i (0) = vr^O)' - vr; (0)^(0)' = and 
therefore ker(vr i (0) / ) D T { . Thus, 

7ri(0)' = 7r i (0) 7 r i (0) / (Jd-7r i (0)), 

and the space of solutions of this equation is Hom(T^Ti). We notice that the differential 
is necessarily XJ{T^) x U (JFi) invariant. Finally, we can apply Schur lemma since U (J 7 ^) x 
U(Fi) acts irreducibly. Then, up to a multiplicative constant, the differential is given by 

X ^ TTi(0)X(Id-7Ti(0)). 

Set h t = h - (Id + rjt) avec 770 = and choose a /i-orthonormal basis (ej)j=i r , }r for which 
the first Ti vectors generate T{. Then the new /ij-orthonormal basis (e*-)j=i r is given 
by 

= (e°), (44) 

where R is the unique upper triangular matrix with positive diagonal coefficients that 
satisfies the relation RR* h t = Id + rjt. Now, by differentiating (|4^|l at t = 0, we have for 
3 < r i, 

( det j) t =o = ~o d totijj e °j - s d (yo) jk 4- 

L k<j 

Thus, differentiating ht at t = 0, we have 

d (E Y =1 e) ® ef 1 ' ) _ = £>J ® ef* dr?o - £ e? ® ef"° ^ £ e ° ® ep , 
/t_0 J=1 3=1 fe=i 

which allows us to conclude. □ 

Now, by direct application of the previous lemma we have, 

Lemma 16 For all (m — l)-tuple {ti, ...r m _i} 0/ rea/ numbers and all hermitian endo- 
morphism rj £ End(T), we have 

i=l T ^ h . ( i d+r ,),i = Ei=i 7i7r h)i + Z7 h (r?) + 0(77 ) 
where we have fixed the endomorphism, 

i=l v 7 

i^ere 0(?7 2 ) represents an hermitian endomorphism such that its Hilbert- Schmidt norm 
can be bounded by O(\\r]\\% ). 
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6.2 Resolution of a certain elliptic equation 

We will need the following classical Kahler identities. 

Lemma 17 Let E be a hermitian holomorphic vector bundle E over a Kahler manifold 
and Fe be its Chern curvature. We have the commuting identities: 

[A, 5} = -V^ld*, [A, d] = ^\B\ Aq = Aq + [V=if e ,A\. 

In all the following, we will assume that the {n, ...,r m } are non negative. 

Lemma 18 Let & be a simple holomorphic filtration over M and let : End(T) — > 
End(J-) be a positive self-adjoint operator of order zero. Then, for all hermitian metric 
h G MetiT), it is always possible to find a smooth solution, which preserves the filtration, 
of the following elliptic system: 

AjddQ' + W(Q') = Q 

for all smooth endomorphism Q such that Q(^i) C T{ and J M tr(Q)dV = 0. 

Moreover, if is a holomorphic filtration such that there exists T a conformally r- 

Hermite- Einstein metric h, and if one has fixed 

M:U^ n[> T (U), (45) 

then Q is self-adjoint if and only if Q' is self-adjoint. 

Proof We need to see that the operator A^dd + W has trivial kernel. Recall that this 
operator is elliptic (of order 2) positive and self-adjoint since the T{ are positive. Let 
us consider the kernel of this operator: (d*d) U = implies \dU\ h = 0, i.e. since & is 
simple, U = jld with 7 constant on M. If Ld G keil' then, by Fredholm alternative, the 
elliptic system admits a solution if {Id, Q) = J M tv(Q)dV = 0. The uniqueness is obvious 
once it has been assumed that f M ti(Q')dV = 0. If Id ^ ker^, then the system admits 
a unique solution. The defined operator by (jlKjl is self-adjoint and positive. Moreover, 
again with Kahler identities, 

V^lABdQ'* = A B Q'*, 

= {A d Q'-[V=lAF h ,Q'])* , 

= (^Q'-[E i < i ,Q / ] 

and we get 

(y=U (59Q0 + E <iQ') * = V^ia (Bbq'*) + E <Q'*. 

Hence 

[sf-lA (BdQ 1 ) + #(Q'))* = V^A {BdQ'*) + <F(Q'*), 
and by uniqueness of the solution, we have that Q' is hermitian and definite positive if 
and only if it is the case for Q. □ 
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